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Algebra I 


Scope: 

T his course is intended for students who have mastered the fundamentals of the operations of arithmetic 
involving integers and fractions and who wish to move forward in their understanding of problem solving 
via algebraic tools. The students will become familiar with the terminology and symbolic nature of first- 
year algebra and will understand how to represent various types of functions (linear, quadratic, rational, and 
radical) using algebraic rules, tables of data, and graphs. In the process, they will also become familiar with the 
types of problems that can be solved using such functions, with a particular eye toward solving various types 
of equations and inequalities. Additional topics, including the Pythagorean Theorem and sequences, will also 
be considered. 

The following threads will be emphasized throughout the course: 

• Multiple techniques to solve problems 
• The need to recognize when a given technique can be utilized 
• Various representations of mathematical data—algebraic rules, tabular data, graphs 
• Pattern recognition. ■ 


1 




Lesson 1: An Introduction to the Course 


An Introduction to the Course 

Lesson 1 

^■ 


Topics in This Lesson: 

• Course overview 

• Signed numbers 

• Absolute value 

• Operations with signed numbers 

• Fractions 


Summary: 

Welcome to Algebra /! We will cover a large number of topics throughout the year. One of the foundations for 
algebra is to understand signed numbers. 

Signed numbers are the counting numbers, or natural numbers, 1, 2, 3, 4, 5,... combined with their negative 
counterparts -1, -2, -3, -4, -5,... and zero (0). 

When we add tw o positive numbers, we get a positive answ er. When we add two negative numbers, we get a 
negative answer. When we add or subtract two numbers w hose signs are different, we subtract the smaller 
number from the larger number and give as our answ er the sign of the larger number. 

When w e multiply or divide two numbers that have the same sign, positive or negative, our answer is positive. 
When w e multiply or divide two numbers that have different signs, the answ er is negative. 

You can add and subtract fractions only if they have the same denominator. You can multiply and divide 
fractions that have different denominators. To divide a fraction, you invert the second fraction (flip it upside 
down) and multiply the tw o fractions together. 


Definitions and Formulas: 

Absolute value —the number that tells you how far away it is from zero. Another way to think of it is a number 
with no sign (plus or minus) in front of it. 


Examples from the Lesson: 

Divide: 


8 4 

15 * 9 

In order to divide a fraction, we flip the second fraction, multiply, and then reduce the result. 

8 4 

_ • 

15 * 9 

15 X 4 

_ 72 
60 
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36 

30 


15 


6 


5 


Additional Examples; 

Solve the following problems. 
(3)(—4) 

2 + (- 8 ) 

15-M-5) 

-10 + (-3) 


Answers: 

(3)(-4) Different signs when multiplying means a negative answer, so (3)(-4) = -12 

2 + (-8) When you add or subtract two numbers with different signs, you subtract the smaller from the larger 
and take the sign of the larger number for your answer. So 2 + (-8) = -6 

-15 -T- (-5) When you divide two numbers with the same sign, the answer is positive. -15 + (—5) = 3 

-10 + (-3) When you add or subtract two numbers with the same sign, you add the numbers and give them the 
sign they both had. Therefore, -10 + (-3) = -13 


Common Errors: 

* Make sure to memorize the rules for signed numbers. The w rong sign on a number will make a 
problem incorrect. 


Study Tips: 

* If you are having trouble remembering the rules for signed number operations, make flashcards, a 
song, or a saying to help you to remember. Something as simple as, “Same signs, positive. Different 
signs, negative, when multiplying or dividing,” can give you success. 

• If you are shaky on basic math facts (addition, subtraction, multiplication, and division), algebra will 
be harder for you than it needs to be. Spend every day reviewing flashcards of math facts, and you will 
be surprised at how much better at math you are! 


Problems: 

Simplify the following. 

L 5 +(-2) 

2, 4 + (-3) 

X -6 + 11 
4, -9 + 7 
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Lesson 1: An Introduction to the Course 


5. (-3) x 6 

6. 10 x (-8) 

7. (—2) x (—9) 

8. (-30)-s-6 

9. 45 4- (-5) 

10. (-72) 4 (-9) 


► 


i 
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Order of Operations 

Lesson 2 



Topics in This Lesson: 

• Order of operations 

Summary: 

There are rules we must follow when performing mathematical operations. These rules are called the order of 
operations. Operations is the general term for tilings like addition, subtraction, multiplication, and so on. 

If the operation mentioned in the order of operations is not included in the problem we are given, we simply 
skip that step. 

First we do all work in parentheses. Next we do the exponents. Multiplication and division are done next. 
Finally, the addition and subtraction are completed. 

Definitions and Formulas: 

Sum —the answer to an addition problem 
Difference —the answer to a subtraction problem 
Product —the answer to a multiplication problem 
Quotient —the answer to a division problem 

Exponent —a small number written to the upper right of a number, variable, or set of parentheses that tells how 
many times the number, variable, or parentheses should be multiplied by itself 

The order of operations is as follows: parentheses, exponents, multiplication, and division (as they occur in the 
problem from left to right), addition, and subtraction (as they occur in the problem from left to right). 

Examples from the Lesson: 

10 *2-3 x 5 + 7 x 2 

Using the order of operations, we do not simply start on the left and work our way to the right. 

First we compute all the multiplications and divisions: 

10 -s-2-3 x 5 + 7x2 
= (10 -h 2)-3 x5+7 x 2 
=5-3x5+7x2 
= 5-(3x5)+ 7x2 
= 5-15+ 7x2 
= 5 - 15 + (7 x 2) 

= 5 - 15 + 14 
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Lesson 2: Order of Operations 


Now that all the multiplications and divisions are computed, we perform the additions and subtractions from left 
to right. 

5 - 15 + 14 
= (5-15)+14 
= - 10 + 14 
= 4 


Additional Examples: 

Compute the following. 

7 + 3 x 4 - (2 + 3) 2 + 6 - 2 

We need to review our order of operations. What's first? Parentheses. All operations inside the parentheses 
should be completed first. 

7 + 3 x 4 - (5) 3 + 6 + 2 

Whaf s next? Exponents. Any number that needs to be exponentiated (raised to a power) should be 
multiplied out. 

7+3x4-5x5+6+2 
7 + 3 ><4-25 + 6 + 2 

Whaf s next? Multiplication and division as they occur That means, working from left to right, we do any 
multiplications and divisions we find. Sometimes it is easier to highlight the operations by putting parentheses 
around them. 

7 +(3 x 4)-25+ (6 + 2) 

7+12-25+3 

What's next? Addition and subtraction as they occur That means that, w orking from left to right, we do any 
additions and subtractions we find. 

7 + 12 - 25 + 3 

19 -25 + 3 

—6 + 3 
-3 

Our answ er is -3, 


Common Errors: 

* Do not try to solve long strings of number combinations in your head at first. Recopy the problem and 
pay careful attention to what is going on with the numbers. 


Study rips: 

* You can remember the order of operations by the following sentence: Please Excuse My Dear Aunt 
Sally. The first letters of each word stand for an operation: parentheses, exponents, multiplication, 
division, addition, subtraction. You could also come up with your own memory tricks. 
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* Sometimes it is easier to highlight the operations by putting parentheses around them. Copy the 
problem on a piece of paper. Put parentheses around the tiling you should do first. Solve it Write the 
problem with the first step finished. Draw new parentheses to show the next step, and so on. For 
example, 5 + 3x6 would be written as 5 + (3 x 6), 


Problems: 

Simplify the following. 

1, 8 + 4 + 3+6 + 7+12 

2, 5x3x2x4x5 

3* 25-14-8 + 3 

4, 2-3x5+4 

5, 18-5x2 + 27+3 

6* 5 + 3 2 - 6x4 

7. 100 + 2 2 x 3 +12 

S. (4 + 8) + 3 x 5 

9. 5x(9-3) 2 

10. 56+ (11-4)+ 2- x5 


7 


Lesson 3: Percents, Decimals, and Fractions 


Percents, Decimals, and Fractions 

Lesson 3 


Topics in This Lesson: 

• Percents 

• Decimals 

• Fractions 

• Conversion between percents, decimals, and fractions 

Summary: 

Percents, decimals, and fractions are all around us—from the amount of sales tax we pay to the grades we 
receive on exams. It is useful to be able to convert from one form to the other. 

Definitions and Formulas: 

Percent —a number followed by a percent symbol (%) that tells us what part of a hundred is represented. For 
example, 75% means “75 per 100.” 

Decimal —a number with a decimal point (.) 

Fraction —two numbers separated by a division bar (—■). The top number, or numerator, tells how many parts 
are represented. The bottom number, or denominator, tells how many parts make a whole. 

Numerator —the top number in a fraction 

Denominator —the bottom number in a fraction 

How to convert from percents to fractions: 

• Use the percent amount as the numerator (the top number) of the fraction. 

• Always make the denominator (the bottom number) 100. 

• Simplify the fraction if possible. 

How to convert from percents to decimals: 

• Take the percent amount, move the decimal point two places to the left, and remove the percent sign. 
How to convert from fractions to decimals: 

• Perform long division by dividing the denominator “into” the numerator. This means that the 
numerator goes into the division box and the denominator is outside the division box. 
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Examples from the Lesson: 

Convert 40% to a fraction. 

40% means 40 out of 100, so we write the fraction 40/100. 

Then we simply reduce the fraction. 

40 = 4 = 2 
100 " 10 " 5 

40% = - 
5 

Convert 8% to a decimal. 

We know r that to convert from a decimal to a fraction, we move the decimal point two places to the left. 

8% = .08 (move decimal point two places) 

Note that here we have to insert an extra zero (0) in the expression to give us the correct answer. .8 means 80%. 
.08 is 8%. 


Additional Examples: 

Convert — to a decimal. 

8 

To convert from a fraction to a decimal, we put the numerator inside the division box and the 
denominator outside. 

8j? 

Now, we divide until we get a final answer or repeating decimal. 

0,875 

8)7.000 


Common Errors: 

* Be snre that you use a zero as a place holder when you are converting from percents to decimals if 
there are fewer than two digits in the percent. 


Study Tips: 

* If you forget how many places to move the decimal point when converting from a percent to a decimal, 
just think of how many zeroes are in 100, A percent is how many out of 100. We move the decimal 
point two places, one time for each zero, when we convert. 

* A trick to remember which number is inside the division bar when converting from a fraction to 
decimal is to think of the numerator falling from the top of the fraction into the box (the division bar). 

* Another trick is to remember the order is denominator, division bar, numerator. These are in 
alphabetical order. 
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Lesson 3: Percents, Decimals, and Fractions 


Problems: 

Convert the following to a fraction, or mixed number 

h 45% 

2 . 8 % 

3, 200% 

4, 0.48 

5, 128 

Convert the following to a decimal. 

6 , 2 

5 

7. “ 

6 

8. 87% 

9. 3% 

10. 5.678% 


y 


i 
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Variables and Algebraic Expressions 

Lesson 4 


Topics in This Lesson: 

• Definitions: algebraic expression, variable, equation 

• How to translate words into an algebraic expression 

• How to translate a word problem into an equation 

Summary: 

One thing that makes algebra different from arithmetic is that algebra uses variables. These variables are used 
with operation symbols and numbers to create algebraic expressions and equations that will help to solve 
mathematical problems. 

In order to create an algebraic expression from words, the variable must first be determined. These algebraic 
expressions can be combined to form equations that can then be solved to find out the value of each variable. 

Definitions and Formulas: 

Algebraic expression —a combination of mathematical symbols that might include numbers, variables, and 
operation symbols 

Variable —some sort of symbol, usually a letter from the alphabet, that represents one or more numbers in an 
algebraic expression 

Equation —a mathematical sentence that uses or includes an equals sign “=” 

Examples from the Lesson: 

Translate “The number of boys in the class is two-fifths of the number of students in the class.” 

First define the variables. There are two unknown amounts in the problem—the number of boys in the class and 
the number of students in the class. 

B = the number of boys in the class 

S = the number of students in the class 

Translate the English sentence into an equation: 

“The number of boys in the class” is B. 

The word is means the equals sign “=.” 

So we start with B = something. 

The right-hand side of the equation comes from “two-fifths of the number of students in the class.” Since “the 
number of students in the class” is 5, we are looking at 2/5 of S. 

“Of’ means multiplication. So “2/5 of S’” translates to (2/5)5'. 

Therefore, the equation is B= (2/5)5. 
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Lesson 4: Variables and Algebraic Expressions 


Additional Examples: 

Jessed father is three times as old as Jesse. Write an equation to show Jesse s father s age. 

First determine the variables. Them are two unknowns, Jesse's age and Ms father's age. 

J= Jesse s age 
F = Father's age 

We know that Jesse’s father is three times as old as Jesse. That means we need to multiply one of the variables 
by three. But which one? F is the father's age. J is Jesse’s age. We need to multiply Jesse’s age by three to get 
tire father's age. So three times J w ill equal F. 

F=3J 


Common Errors: 

* It is easy to make a mistake when writing an algebraic expression if you do not understand w hat each 
variable represents. Be sure that you are dear as to what each letter stands for. 

• When dividing, the number that conies first in the w ord problem (the quotient of x and vj is the one 
that goes in the numerator (on top of the fraction—x/y). 


Study Tips: 

* Become familiar with the words for mathematical operations: sum, difference, quotient, product, and 
so on. 

* Choosing what letter to use for a variable can be confusing. Just pick a letter that makes sense to yon 

: and makes the problem easier to solve. If you’ve got sloppy handwriting, avoid letters that look like 

numbers (S, lowercase L). 

* Writing dow n on vour paper what each variable represents will help you to keep tilings clear. 

How to Check Problems: 

When you have written your equation, translate it into words to see if it makes sense and that you w rote an 
equation that represents the problem you are try ing to solve. Using our previous example, if we had w ritten 
J= 3 F t reading it as words, “Jesse's age equals three times the father’s age/ would have shown our error. 

If you cannot translate your equation into words, go back and make sure that you understand what your 
variables represent. 


Problems: 

Translate the follow ing into algebraic expressions. 

1, Four more than eight times m 
% The difference of two times x and 10 
3* 17 less thanx 

4, Three times the sum of x and 12 

5, The quotient of the square root of t and nine 
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Translate the following into equations, 

6, The perimeter of the rectangle is the sum of two times the length of the rectangle and two times the 
width of die rectangle. 

7* The number of three-pointers made is six more than the number of free throw’s made, 

H. The number of customers on a Saturday is three times the number of customers on a Monday. 

9* The tip for the meal is 18% of the bill. 

10* The volume of the box is the product of the length of the box, the width of the box, and the height of 
the box. 
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Lesson 5: Operations and Expressions 


Operations and Expressions 

Lesson 5 


Topics in This Lesson: 

• Simplifying algebraic expressions 

• Evaluating algebraic expressions by plugging in a number 

• Adding, subtracting, multiplying, and dividing terms 

Summary: 

Evaluating an expression simply means that a number replaces the variable. Whatever is done to the variable 
(multiplication, addition, etc.) is then done to the number. This allows us to know the value of the expression 
for that number. 

When adding or subtracting algebraic expressions, only like terms can be combined. This means that the 
variables of the two terms are identical. However, when multiplying or dividing algebraic expressions, the terms 
do not have to be identical. 

Definitions and Formulas: 

Evaluate —plug in numbers to determine the value of the expression 

Examples from the Lesson: 

i i 

Plugging in values for variables: 

Evaluate ( ab) 2 and ah for a = 3 and b = 4. 

We begin with ( ab )~. Using a = 3 and b = 4, we have 

(ah) 2 

= (3 ‘ 4) 2 
= 12 2 
= 144 
Next, ab 2 

= 3 • 4 2 
= 3-16 
= 48 


Combining Expressions: 

Simplify 5 a 2 + 3a 2 - 6a 2 + 8 (ab) 2 . 

5 a 2 + 3a 2 ~ 6a 2 + 8 (ab) 2 
= (5a 2 + 3a 2 ) - 6a 2 + 8 (ab) 2 
= 8a 2 - 6a 2 + 8 (ab) 2 
= 2a 2 + 8 (ab) 2 
= 2 a 2 + 8 a 2 b 2 
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Additional Examples: 

Simplify the following expression. 

1 6x*y ' 4- 8xv 4 3 x 2 y - 10 yx 2 + 5x 2 y 2 
<16x 3 y 3 4 8xv) 4 3 x 2 y - 10>x 2 4 5x 2 y 2 
(2 x 2 y 2 ) 4 3 xy -10 yx 2 + 5x 2 y~ 

2x 2 v 2 4 3 x 2 v - 10x 2 v - 5x~ y 2 

•V 4T -If SK 

2x y -7.v‘ v - 5x y~ 

2x\v‘ 45x'y _ -Ix'y 

-i « -i 

7x y -txry 


Common Errors: 

* Make sure that when adding and subtracting expressions, only like terms are added. See if you can 
rearrange the variables to make the terms identical. For example, 3 a'b and 3 bcr are the same term, 
since we can rearrange the variables as they are being multiplied together. 

* Use the order of operations. If you do not. you will make mistakes. 

* Don t forget parentheses! Everything inside the parentheses should be raised to a power or multiplied, 
not just one term. 

* When dividing expressions with exponents, subtract the exponents of like terms. 


Study Tips: 

* If you have to plug in a number to an expression, put a set of parentheses in place of the number before 
you insert the number. This will allow you to see what needs to be done to I lie number more easily. 

v.V 

3( ) 2 


* When combining a large number of expressions, rewrite the list so that the like terms are next to each 
other. Make sure not to change the sign in front of each term, though. 


Problems: 

1* Evaluate the expression (x - 4) 2 4 5x 2 when x = —3. 

2, Evaluate the expression (x-4)(x+3) 2 -6x 3 whenx = -1. 

Simplify the following. 

3* 14x y 2 - 8 > ,2 x 4 5x" v 1 - 2(xy 2 ) 2 

4, 17aV 4l3fyr ) 2 -8aV 4l0aV 2 

5. (x 2 ■ z 3 )(x" -y 4 *z 2 ) 

6, (3x Q -y 7 *z 5 )(6x*-y~ l -z*) 

7. (5x 2 - y 5 - z 5 )(3x - y 1 - z 3 )(8x * z” s ) 
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8 . 


9. 


a'°b 17 

*V 

63 v 


> 9 z 


10 . 


21 y 4 
24x“ 4 


2 
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Principles of Graphing in 2 Dimensions 

Lesson 6 


Topics in This Lesson: 

• Graphing in the Cartesian plane 

• History of the Cartesian plane 

• Ordered pairs 


Summary 7 : 

The Cartesian plane or xy-plane is formed by the intersection of an x-axis and ay-axis. The x- andy-axes are 
two number lines that intersect at point 0 and go infinitely in both positive and negative directions. Points can 
be graphed in this plane using an ordered pair. The ordered pair is a set of two numbers, the first of which 
identifies the location of the point in relation to the x-axis, and the second of which identifies the location of the 
point in relation to they-axis. The location of points can also be determined by their location in one of four 
quadrants of the Cartesian plane. 


Definitions and Formulas: 

Cartesian plane or xy-plane —the plane or two-dimensional space formed by two number lines, one horizontal 
and one vertical, so that they intersect at right angles 

x-axis —the horizontal number line or horizontal axis 

p-axis —the vertical number line or vertical axis 

Origin —the point at which the axes intersect 

Quadrants —the Cartesian plane is divided into four quadrants by the intersection of the x- andy-axes. They 
are called Quadrants I, II, III, and IV. Quadrant I is the upper right section. Quadrant II is the upper left section. 
Quadrant III is the lower left section. Quadrant IV is the lower right section. 

x-coordinate or abscissa —a number that shows where a point on a graph is located in relation to the x-axis 

V-coordinate or ordinate —a number that shows where a point on a graph is located in relation to they-axis 

Ordered pair —a set of two numbers inside parentheses that are separated by a comma. The first number 
represents the x-coordinate, or abscissa, and the second number represents they-coordinate, or ordinate, on 
a graph. 
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Lesson 6: Principles of Graphing in 2 Dimensions 


Examples from the Lesson: 

Plot (3, -4) t 

Start with the ^-coordinate, 3. It is positive, so we move to the right of the origin three units. The >-coordinate is 
—4. Since it is negative, we must move down four units. That means our point is in Quadrant IV. 



Additional Examples: 

Plot the following three points and tell in which quadrant they lie. 
(0, 5), (-3, -2), and (-4, 1) 


9 - 

8 - 

7 

G- 
5 - 
4 - 
3- 
7‘ 
1 ■ 


I I I I I I I I I 

.9 .8 -7 -6 -5 -4 *3 -2 -1 


-3 

h 

- 6 - 

* 7 < 

’«■ 

-3 


\ \ t I I ; t t > 

12 3*56 789 


(0, 5)—As this point lies on an axis, it is not in a quadrant. 

(-3, -2)—This point lies in Quadrant III (remember that the quadrants are labeled counterclockwise). 
(-4, 1)—This point lies in Quadrant II. 
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Common Errors: 

• The first number in the ordered pair is always the ^-coordinate. The order of the x- and v-coordinates 
camiot be switched. 

• The numbering of the quadrants goes counterclockwise starting with the upper right-hand quadrant and 
moving to the left. 

• If a point lies on the x-axis orv-axis. it does not lie in a quadrant. 


Study Tips: 

* Graphing is much easier with graph paper. Invest in paper that has grid squares large enough to be able 
to graph points effectively. 

* Neatness counts! Make sure vourx- and >-axes are straight lines, that the numbers on your axes are 
small and easy to read, and that the dots identifying points are clear and easy to see. 


Problems: 

Plot each of the following points on a set of axes. Also state the quadrant in which each point is located. 

L (5,-3) 

2 * (- 8 , 4 ) 

3 , (- 2 ,- 1 ) 

4 , ( 0 , 7 ) 

5 , < 4 . 6 ) 

6, -10, Determine the coordinates for each of tire points plotted here. 



8 



5 
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8) 
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Lesson 7: Solving Linear Equations, Part 1 


Solving Linear Equations, Part 1 

Lesson 7 



Topics in This Lesson: 

• Solving one-step equations 

• Solving two-step equations 

• Substituting to see if the equation was solved properly 


Summary: 

A linear equation is the equation of a line. If we want to solve the equation or find solutions to this equation, it 
means that we want to find a value or values that make the equation true. The way to solve an equation is to get 
the variable on one side of the equals sign by itself and the numbers all combined into one number on the other 
side. The way that you move numbers to the other side of the equation is to perform the opposite operation on 
both sides of the equation. For example, if you had +4 on one side of the equation, subtracting 4 from both sides 
of the equation would eliminate the number from one side and place it on the other. 

A one-step equation only needs one step to solve it. For example, only addition or division might be needed to 
solve it. A two-step equation needs two steps to solve. Combining like terms and division are typical examples 
of what might be needed in a two-step equation. 

In order to make sure that the equation was solved correctly, substitute your answer back in to the original 
equation and simplify. If both sides of the equation are equal, you have the correct answer. 

y i 


Definitions and Formulas: 

Solution of an equation —the value of the variable that makes the equation tme 
One-step equation —an equation that takes only one step to solve 
Two-step equation —an equation that takes two steps to solve 


Examples from the Lesson: 

Solve x - 5 = 17 

x - 5 = 17 
+ 5 +5 

x = 22 

Check the solution to see if the equation was solved correctly, 
x - 5 = 17 
22 - 5 = 17 
17 = 17 
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Additional Examples: 

Solve 6x+ 5 = -Ax, 

First we must get the like terms to one side. We do this by subtracting 6x from both sides of the equation. 

6x + 5 - -Ax 
-6x - 6x 

5 = -10x 

Next we need to get die variable, x, by itself. Since x is being multiplied by —10. we need to do the opposite 
operation division, to get die x by itself. 

_5 ~10x 

-10 = -10 
5 

-■— = x 

10 

_J_ = 

2 ~ X 

Our answer is -1/2. Let s plug this value into die original equation to see if we got die correct answer. 

6x + 5 = -4x 
6 (-1/2) + 5 = -4 (-1/2) 

-3 + 5 = 2 
2 = 2 

Our solution is correct. 


Common Errors: 

* Pay careful attention to the signs of numbers when you are solving equations. 

* Make sure that the operation you choose will actually undo what is being done to the variable. For 
example, if you have 5x, you cannot subtract 5 to get the x by itself. 

* If you move all the variables and numbers to one side of the equation, the other side of the equation 
will be zero. You need to balance the equation with all numbers on one side and variables on the other. 


Study Tips: 

* When solving one-step equations, look for die opposite function—if you've got multiplication in the 
problem, do the opposite—divide. Got addition? Do subtraction. 


Problems: 

1* Show r that x = 4 is a solution of the equation 2x - 5 = 3. 
2* Show r that x = -5 is a solution of 12x + 78 = IS. 

3, Solve/-9 = 14. 

4, Solve x + 8 = -29. 

5, Solve v- II =-53. 

■V 
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Lesson 7: Solving Linear Equations, Part 1 


6, Solve 3x = 72. 


7, Solve —v = 20 + 

7 

8, Solve 6x-l = 47. 

9. Solve ^ + 14 = -12. 

2 

10. Solve --*-7 = 12 

3 


h 
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Solving Linear Equations, Part 2 

Lesson 8 



Topics in This Lesson: 

• Solving complex linear equations 

Summary: 

Solving more complex linear equations is not that much different than solving one-step or two-step equations. 
We simply use more steps. The first tiling to do is to get all the terms with the variable to the same side of the 
equation and combine like terms. Next get all the numbers to the other side of the equation. Finally, get the 
variable by itself. This is usually done by dividing by the coefficient (the number in front of the variable). 

Some equations are not true for any value and have no solution. Some equations are true for all values, and 
these equations are called identities. 

Definitions and Formulas: 

Identity—an equation that is true for every possible value of the variable 

Examples from the Lesson: 

Solve -3 (a + 5) = 12. 

We need to get the variable a by itself on one side of the equals sign. How do we do so? 

The first thing to do is to get rid of that -3. How? It is being used to multiply, so we do the opposite function, 
we divide both sides by -3. 

-3(ar + 5) _ 12 
-3 ~~ -3 

That leaves us with a + 5 = -4. 

(Remember: When you divide a positive number by a negative number, the sign of the result is negative 
because the two signs you started with were different.) 

Now we have a + 5 = -4. We need to get rid of the 5. 

a + 5 = -4 
-5 ~5 

a = -9 

It appears that our solution is -9. Let’s check. 

3 (a + 5) = 12 
3 (-9 + 5) = 12 
3 (-4) = 12 
12 = 12 
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Additional Examples: 

Solve -4 a + 7 = — 9 + 4a. 

First we need to get all the variables on one side of the equation and all the numbers to the other. We do this by 
adding +4 a to both sides. 

—4a ■ 7 = —9 + 4a 
+ 4a + 4a 

7 = -9 + 8a And then we add 9 to both sides. 

+ 9 + 9 

16 = 8a 

To get the variable by itself, we need to divide both sides by 8. 

16 _ 8a 
8 “ 8 
2 =a 

Lef s check this solution by plugging it back in to the original equation. 

—4a + 7 — —9 + 4a 
-4(2)+ 7 = -9 + 4(2) 

-8 + 7 = -9 + 8 
- 1=-1 

The solution is correct! 

i- i 

Common Errors: 

* Make sure that when you do something to one side of the equation, you do the exact same thing to the 
other side. 

* Pay attention to signs. Accidentally forgetting to write a minus sign will give you a w rong answer. 

* Remember, when you multiply or divide, if the signs are the same, the answer is positive. If the signs 
are different, the answ er is negative. However, w ith addition and subtraction, you should always 
subtract the smaller number from the larger number and take the sign of the larger number. 

Study l ips: 

* Checking your work is the primary, number one insurance policy for accurate work. It is a step that 
separates good students from superstar students. 

» When you get an answer, consider if it is reasonable given the information you have. 

Problems: 

1, Solve 2x + 14 + lx = 5. 

2, Solve—x +—jc = 14 . 

2 3 

3, Solve 5(f + 3) = 35. 

4, Solve -7(r - 4) = 63. 

5, Solve 4v - 13 = -8y+!l. 
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6* Solve ~3x + 47 = Sx + 103. 

7* Solve —lx + 20 = ~3x + 100. 

8, Solve 3 (lx - 8) = 7(3% + 2), 

9, Solve 6(7% + 14) = 7(6% + 12), 

10* Your little brother wants to set up a lemonade stand this weekend. It’s going to cost $7 to get 

ever) tiling set up and then it will cost about 15 cents per cup to make. Your little brother wants to sell 
the lemonade for 50 cents per cup. How many cups will have to be sold in order to break even? 
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Lesson 9: Slope of a Line 


Slope of a Line 

Lesson 9 


Topics in This Lesson: 

• Defining slope 

• Determining slope from a graph 

• Determining slope from two points on a line 

• Negative and positive slope 

• Slope of horizontal and vertical lines 


Summary: 

The slope of a line describes how "steep" or "flat" a line is. The slope is usually expressed as a fraction and 
shows how quickly the vertical amount changes as the horizontal amount changes. The greater the value of the 
slope, the steeper the line. A horizontal line has a slope of 0, as there is no change in the vertical distance in 
relation to the horizontal distance. 

Slope can be determined in a number of ways. One way is to observe a graph of the line and draw in two line 
segments that make the legs of a rectangle with the original line bisecting it. The length of the horizontal line 
segment becomes the run , and the length of the vertical line segment, the rise. Since slope is rise/run, the slope 
can be determined. 

\ Another way to determine slope is to take any two points (x u y{) and (x 2 , y 2 ) on the line and plug them in to a 

formula. (y 2 ~y\) / (x 2 - xi). This formula also gives the slope. 

Positive slope means that the line is going “uphill” from left to right. Negative slope means the line is 
going “downhill” from left to right. A horizontal line always has a slope of 0. A vertical line’s slope is 
always undefined. 


Definitions and Formulas: 

Slope—the “rate of change” of a vertical line that is defined as follows: 

Slope = (vertical change of the line) / (horizontal change of the line) 

This can also be thought of as “rise over the run” of the line, where the rise refers to the amount of “vertical 
change” and the run is the “amount of horizontal change” or “the change in y over the change in x.” Slope is 
often represented as a fraction. 

How to find slope using two points: (y 2 ~y\) / (x 2 - xi) 

where (xi, y{) and (x 2 , y 2 ) are the coordinates of two points on the line. 
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Examples from the Lesson: 

Find the slope of the following line. 



First find the coordinates of the two points on the line. They are (-1, 7) and (2, -8) t Use those two points to find 

the slope of the line. 

Slope = rise over ran = (v 2 - Vi ) / (x 2 - x,) 

= (-8-7)/(2-(-!)) 

= -15/(2 + 1) 

= -15/3 
= -5 

Additional Examples: 

Find the slope of a line using these two points: (4, -3) and (9,7). 

Using our formula, we plug in the values. 

Slope = rise over ran = ( y 2 ~y\) i (x 2 - x, ) 

= [7-(-3)]/(9-4) 

= 10/5 
= 2/1 
= 2 
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Lesson 9: Slope of a Line 


Common Errors: 


* Do not mix up coordinates when plugging them into the slope formula. 

* Slope is always rise over run. Since they-values show vertical change, they always come first. 


Study Tips: 

• It does not matter which point you choose as x\ and y \. As long as you make the other point x 2 and 
you will get the same answer. 

• It may help to label the points before placing them into the formula. Writing small x ]5 x 2? vy andy 2 
above the numbers will help you to keep track of where they go. 

• If you get confused as to whether it is ''rise over run” or "run over rise ” remember that the words 
come in alphabetical order. RISE comes before RUN. 


Problems: 

1, Find the slope of the following line. 
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2* Find the slope of the following line. 



3, Find the slope of die following line. 
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Lesson 9: Slope of a Line 


4. Find the slope of the following line. 



5, Find the slope of the following line. 



6, Find the slope of the line through the points (7, 10) and (3, -8) t 

7, Find the slope of the line through the points (-2, -5) and (13, 7) t 
8* Find the slope of the line through the points (-4,15) and (10,-13). 
9, Find the slope of the line through the points (3, 3) and (10, 423), 
10* Find the slope of the line through the points (13, -12) and (8, -12). 
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Graphing Linear Equations, Part 1 

Lesson 10 


Topics in This Lesson: 

• Slope-intercept form of a line 

• Drawing graphs based on the slope-intercept form 

Summary: 

Algebra is not just about variables and equations. Linear equations represent the graphs of lines. One of the 
simplest ways to write the equation of a line is to use the slope-intercept formula. This formula shows the slope 
of a line and where it intersects the y-axis. When you plug in values for x and solve, you will find the y-value 
for that ordered pair. 

If you see a slope-intercept equation that is missing the x-tenn, you know that the line is horizontal. 

Definitions and Formulas: 

Slope-intercept form of a line: y = mx + b 

where m = slope of the line and b = y-intercept of the line (the place where the line crosses the y-axis) 

Examples from the Lesson: 

Determine the slope-intercept form of the equation of this line. 
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Lesson 10: Graphing Linear Equations, Part 1 


First find they-intercept. It is h = 1. We can tell that the slope must be negative, as the line goes “downhill” 
front left to right. The slope also must be a small number since the line is somewhat flat. 

Let s calculate the slope. We need to have two points on the line, and the two points we use are (4, 0) and (0, I), 
When we plug these into our slope formula, we get: 

m = ( 1 — 0) / (0 — 4) = 1 / —4 = -(1/4) 

The slope is indeed negative and small. Now, take the value of the slope and plug it into the slope-intercept 
form of the equation: 

y = —(1/4 )jc + I 


Additional Examples: 

Sketch the graph of the equation^ = 3x + 5 + 

Since we are graphing, we can draw our first point, the v-intercept, It is the b in the slope-intercept form. In this 
case, it is +5. Therefore, the point is (0. 5), 



Now we just need one more point in order to sketch the line, as we need two distinct points to define a unique 
line. We can use the slope-intercept formula to find another point. There are two ways to do this. One is to use 
the rise over run method. We know that the slope is 3/1, since m = 3. Therefore, starting at the y-intercept, we 
can move to the right one unit and move up three units to find out next point, which would be (1, 8). 

Another way to find the point is to plug into the equation a value for x and solve for v. 

y = 3x + 5 
y = 3(1) + 5 
y = 3 + 5 
V = 8 
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So our ordered pair would again be (1 f 8). 



When we connect the dots, we have our line. 

y i 
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Lesson 10: Graphing Linear Equations, Part 1 


Common Errors: 


* Be sure to follow the slope-intercept form exactly. The b is always the y- intercept. The slope is 
always m 

mf 

* The x-intercept is not needed for the slope-intercept formula. 

* Slope is actually a ratio. Do not forget that a whole number for the slope is actually that number 
divided by L 


Study lips: 

* Invest in graph paper. You can purchase a spiral-bound notebook that contains graph paper. Doing all 
your math homework on graph paper is a fine idea. Not only w ill you be ready in case you need to 
draw r a graph, but the columns will help you to keep your work neat. 


For Review: 

* If you are unsure of the formula for finding slope, review' Lesson Nine. 


Problems: 

1, Determine the slope-intercept form of the equation of this line. 
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2* Detemiine the slope-intercept form of the equation of thi s line. 



3, Detemiine the slope-intercept form of the equation of tills line. 
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Lesson 10: Graphing Linear Equations, Part 1 


4* Determine the slope-intercept form of the equation of this line. 


V 



5, Determine the slope-intercept form of the equation of this line. 



6, Sketch the graph ofy = 4.r - 2. 

7, Sketch the graph ofy = -3x + 7. 

8* Sketch the graph of y = (4/3)cv + 5. 
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9* Find the slope-intercept form of the equation of the line with the following points. 


X 

0 


2 

3 

4 

y 

-7 

-4 

-1 

2 

5 


10* Find the slope-intercept form of the equation of the line w ith the following points. 


X 

-4 

0 

5 

y 

10 

2 

-13 
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Lesson 11: Graphing Linear Equations, Part 2 


Graphing Linear Equations, Part 2 

Lesson 11 


Topics in This Lesson: 

• The point-slope equation of a line 

Summary: 

There is more than one form for writing the equation of a line. One of the most versatile is known as the point- 
slope form. For the equation of a line, it may be even more versatile than the slope intercept fonn. This is an 
extremely important formula, one that you should put to memory as soon as possible. 

Definitions and Formulas: 

Point-slope form: y~y { = m(x - x { ) 

where the line passes through point . y Y ) and has a slope of m 

Examples from the Lesson: 

Write the equation of the line that has slope 5 that passes through the point (-1, -3). 

Using the point-slope form, y~y\= m(x - x\\ we get 
y-(r 3) = 5(x-(-l)) or 
y + 3 = 5(x + 1) 

We can convert this into the slope-intercept formula if we want, 
y + 3 = 5(x + 1) 

y + 3 = 5x + 5 (distributive property) 
y = 5x + 5 - 3 (subtracting 3 from both sides) 
y=5x + 2 

Here’s the graph of this line: 
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Notice that the line does indeed go through the point (-1, -3). It also has slope 5; you can see that, for example, 
because to get from (-1, -3) to the v-mtercept (0, 2), you go up 5 and over 1. Remember, the slope is the ratio 
we call “rise over run” and that would be 5 over 1 or 5/1 or 5. 


Additional Examples; 

Find an equation of die line that passes through the points (L 4) and (-3, -2) + 

Since we have two points on the line and neither point is the v-intercept it makes sense to use the point-slope 
form. But, we still need to find the slope. 

We simply plug in values to die slope formula. 

m = (y 2 - Vi) / fe - *i) 

= (-2- (-4))/ (-3-1) 

= ("2 + 4) / (- 4) 

= 2 / —4 
= - 1/2 

We can now write down the equation for this line using the point-slope form. We will choose the first point, 
(1,-4). 

y - (-4) = -1/2 (x - 1) 

If we had used the other point, (-3, —2), we would have gotten 
y - (-2) = -1/2 (x - (-3)) 
y + 2 = —1/2 (x + 3) 

Even though these equations look very different, they represent the same line. 

Common Errors: 

• A common mistake made by some students is to “sw itch the roles" of the x-coordinate and the 
y-coordinate of the point w hen w riting down the point-slope form. 

Study Tips; 

• It is so important to keep the x and y tenns clear w hen copying into the equation. Recopy the ordered 
pair onto your paper and w rite xi and yi above or below the corresponding tenns to help you to keep 
tilings straight. 

• It is a good idea to memorize the formulas you use most often, such as how to find the slope of a line. 
For Review: 

• If you are unsure of the formula for finding slope, review' Lesson Nine. 

• If you need further help with the slope-intercept fonn, review' Lesson Ten. 
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Problems: 


1, Find the equation of the line given here. 



2, Find the equation of the line given here. 
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3* Find the equation of the line given here. 



4, Find the equation of the line given here. 



5, Find an equation of the line that passes through the two points (-3, 5) and (7,0) t 

(k Find an equation of the line that passes through the two points (1, 2) and (10, 20). 

7* Find an equation of the line that passes through the two points (2, 10) and (4, -6). 

S. Graph the equation of y — 2 = 3(x— 7). 

9* Graph the equation of y + 12 = (1/2 )(x — 4). 

10, Graph the equation of v + 2 = -5(x + 3). 






Lesson 12: Parallel and Perpendicular Lines 


Parallel and Perpendicular Lines 

Lesson 12 



Topics in This Lesson: 

• Parallel lines 

• Perpendicular lines 

• How to find a line that is parallel to another 

• How to find a line that is perpendicular to another 


Summary: 

Parallel lines do not intersect each other. Sometimes it is difficult to tell by just looking at the graph of two lines 
if they will eventually intersect. The slopes of parallel lines must be equal, and the lines must have different 
y-intercepts. Vertical lines (lines with an undefined slope) are parallel if they have different x-intercepts. By 
looking at the slope-intercept form of two lines, we can quickly tell whether they are parallel or not. 

Two lines are perpendicular if they intersect at right angles. That means that they form four 90° angles 
when they intersect. The slopes of two perpendicular lines are negative reciprocals. That means that when 
you multiply them together, the product is -1. (Numbers such as -2 and 1/2, or 3/7 and -7/3 are 
negative reciprocals.) 


Definitions and Formulas: 

Parallel lines—two lines in the Cartesian plane that never intersect each other. If the lines are non-vertical, they 
have the same slope and different y-intercepts. 

Perpendicular lines—lines that intersect at right angles and have -1 as the product of their slopes 


Examples from the Lesson: 

Find the equation of the line that passes through the point (6, 4) and is parallel toy = -3x + 5. 

The equation for this line is already in slope-intercept form. So we know that the line y = -3x + 5 has slope -3. 
The new line (whose equation we are trying to find) is supposed to be parallel to this line, which means it must 
also have slope -3. Since we know how to use the point-slope form of the equation of a line, we can now 
complete the problem. 

The slope is -3 and a passes through point (6, 4). 

y-yi =m(x~x l ) 
y - 4 = -3(X - 6) 
y - 4 = -3x + 18 
y = —3x + 22 
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Additional Examples: 

Find an equation of tlie line that is peipendicular to the line given by y = 6x - 4 and lias ^intercept (0. 2), 

We have been given the y-intencept, so we can use the slope-intercept form of the line. 
y = mx + 2 

Now we need to find the slope. We knou r that the slopes of perpendicular lines are negative reciprocals. The 
slope of our first line is 6. Hie negative reciprocal is formed by flipping the fraction upside-down and changing 

the sign. Since 6 is really — , the negative reciprocal is . 

1 6 

We can now insert this slope into the formula, 

y= -~x+2 
6 

If we graph the tw o lines, we can check our work. 



The two lines are perpendicular! 


Common Errors: 

• When finding die slope of a line that is perpendicular to another line, remember that the slope is the 
negative reciprocal of the first slope. Hiat means that the sign of the slope must change. It does not 
mean that the slope of the line you ate trying to determine is negative. 

• Just looking at two lines on a graph does not ensure that they are parallel or perpendicular. You need to 
check their slopes. 
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Study l ips: 


* Memorize the slope-intercept form, the point-slope form, and the formula to find slope. 

* Careful graphing is important. Use graph paper. 

For Review: 

* If you need to review how to find the slope given two points, review Lesson Nine. 

* If you need further help with the slope-intercept form, review Lesson Ten. 

* The point-slope form is discussed in Lesson Eleven. 


Problems: 

Which of the following pairs of lines are parallel? 

1. y - 5x + 3 and y = 5x - 8 
2* y = 2x - 7 and y = ~2x — 6 

3, 2x + 5 y = 10 andy = (-2/5)r + 4 

4, Find an equation of die line that passes through the point (3, 8) and is parallel to y = lx - 12. 

5, Find an equation of the line that passes through the point (-5, -4) and is parallel to y = -lOx + 14. 


Which of the following pairs of lines are perpendicular? 


6, y = 2x + 3 and y = —2x - 1 
\ 7, y = 4r + 3 and y = (—1/4 )r + 3 

8, y = (8/3 )x + 2 andy = (3/8 )x - 1 

9* Find an equation of the line that is peipendicular to the line given by v = (3/5 )x + 2 and lias v-intercept 
(0 ? 3). 

10* Find an equation of the line that is perpendicular to the line given by y = (1/4 )x - 1 and goes through 
the point (-3, 11). 
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Solving Word Problems with Linear Equations 

Lesson 13 



Topics in This Lesson: 

• Using tables of facts or values to determine linear equations 


Summary: 

There are many ways to represent mathematical data. We have used graphs and the relationship between 
variables so far in this course. Another way one can show data is by using a table. The table shows the set of 
ordered pairs on a line (x, y). Working with this data, we can determine if the values represent a linear equation. 

In order to be a linear equation, the slope between points must be consistent. If the slope is consistent for all the 
data in the table, then the curve represented is linear. 


Definitions and Formulas: 
Slope— (y 2 - yi) / (x 2 - xi) 


Examples from the Lesson: 

Does the following table represent a linear equation? 


X 

0 

l 

2 

4 

7 

y 

l 

6 

11 

21 

36 


We can see that the y-values are not increasing by a constant amount, as the change is 5, then 5, then 10, 
then 15. 

However, the x-values are not growing by the same amount either. Since they are not, we should check to see if 
there is a pattern. 

First we see that when x goes from 0 to 1, y goes from 1 to 6. That’s a change of 5 in the y-value. The same is 
true when x goes from 1 to 2. So, if this table is representing a linear equation, it must be the case that an 
increase of +1 in the x-values must correspond to an increase of +5 in the y-values. 

Now let’s see what happens when x changes from 2 to 4. Well, from x = 2 to x = 3, they-value would have to 
grow by +5, and then from x = 3 to x = 4. the y-value would have to grow another +5. So from x = 2 to x = 4, the 
y-values would need to grow by +5 + 5, or 10, which is true. 

When x = 2, y = 11. And when x = 4, y = 21. 

And 21-11 = 10. Then we are still on track for this table to represent a linear equation. Let’s look at the last 
pair of points. 

When x = 4, y = 21, and when x = 7, y = 36. Now there is a difference of 3 in the x-values (7-4 = 3). So the 
difference in the y-values would need tobe5 + 5+ 5 = 3 x 5 = 15, which it is, since 36-21 = 15. 

Therefore, this table does represent a linear equation, and it turns out the linear equation isy = 5x + 1. We know 
this is true because the slope of the line is 5 (the change in the y-value), and the y-intercept (0, 1) was given to 
us in the table. 
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Lesson 13: Solving Word Problems with Linear Equations 


Additional Examples: 

Does the following table representing a linear equation? 


X 

-2 

-1 

5 

8 

y 

0 

2 

14 

20 


There are several ways to approach this problem. Hie first would be to look at the v-values. Are they increasing 
bv a constant amount? Yes, they are! We can see that as x increases bv L the v-value increases by 2 t 

What if we did not notice this constant value change or if w e just wanted to check to make sure? We could 
calculate the slope and see if it is consistent. We know that the slope is 2 from the change in the y-value* Let s 
prove it by choosing two ordered pairs, (0,4) and (-1, 2) + 

Slope = change in y / change in x 

Slope = (2-4)/ (-1-0) 

Slope = -21 -1 

Slope = 2/1 or 2 

We need to check the next set of points, (-1, 2) and (5, 14), to make sure that the slope between them is 2. 

Slope = change in y / change in x 
Slope = (14-2)/(5-(-1)) 

Slope = 12/6 
Slope = 2/1 or 2 

Now; choose the final two points, (5,14) and (8, 20). Is their slope 2? 

i- i 

Slope = change in y f change in x 
Slope = (20 - 14) / (8 - 5) 

Slope = 6/3 
Slope = 2/1 or 2 

Yes, the slope is still +2. This table does represent a linear equation. 

Common Errors: 

• When visually checking to see if the y-value is increasing by a constant amount, look at the v-value. 

There may have been some numbers “skipped.” For example, the x-values might be 0, 1, 2, 5, and 7. 

They are not increasing by 1 f 

Study Tips: 

• You can use the data from a table to write the slope-intercept form of the equation of a line. Remember, 
the formula is y = mx = b. The slope is m and the y-intercept is b. Using this formula, you can calculate 
the “missing values” in a table or predict values by plugging in new values for v. 
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Problems: 

Determine whether the following tables of data describe a linear equation. 


1 . 


2 , 


3 , 


4 , 


5 * 


6 , 


X 

0 

i 

2 

3 

4 

5 

y 

7 

12 

17 

22 

27 

32 



-2 

-1 

0 

1 

2 

y 

s 

-1 

-10 

-19 

-28 
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-1 

0 

1 

2 

y 

~\ 

0 

1 

8 
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-4 

-1 

0 

2 

5 

y 

4 

4 

4 

4 

4 


X 

i 

2 

3 

4 

y 

0 

1 

4 

9 


X 

0 

2 

4 

5 

y 

3/2 

5/2 

7/2 

4 
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Lesson 14: Linear Equations for Real-World Data 


Linear Equations for Real-World Data 

Lesson 14 



Topics in This Lesson: 

• Linear equations in the real world 


Summary: 

Linear equations show the graph of a line. But they also represent a function in which there is constant change 
or movement. A car traveling at a set rate of speed could have that speed and its position represented by a linear 
equation or graph. The conversion of temperature from degrees Fahrenheit (°F) to Celsius (°C) can be shown as 
a linear graph as well. 

We can use these equations, tables, and graphs to predict future values in the table. 


Examples from the Lesson: 

It is known that the boiling point of water depends on the altitude at which we are boiling the water. It is also 
known that this relationship (between boiling point of water and altitude) is linear. Given that the boiling point 
of water is 100°C at sea level (which is 0 ft above sea level) and approximately 91.6°C at 8,000 ft above sea 
level, what is the boiling point of water at Mile High Stadium in Denver, Colorado? 

Let’s start by asking the following: What is the linear equation that describes the relationship between boiling 
point of water in degrees Celsius and the altitude above sea level in feet? 

Let H = height above sea level in feet and B = the boiling point temperature of water in degrees Celsius. 

Then we want to find a linear equation that treats H as the independent variable (like x) and B as the dependent 
variable (like y). First we will need to find the slope of the line. Since the variable B is acting like they here, the 
slope is “change in B over change in H” and this is given by 

(100-91.6)/(0-8,000) 

= 8.4 / (-8,000) 

= -0.00105 

Next can we find an equation for our line? Well, we were given two points on the line: (0, 100) and (8,000, 

91.6). (Notice that being at sea level is the same as // = ()!) Therefore, we were actually given the y-intercept (or 
to be completely correct, it is the ^-intercept). Since we have the intercept, the slope-intercept form of the 
equation of the line can be used. 

B = -0.00105//+ 100 

Now we need to find the value of B when H = one mile. (Mile High Stadium is so named because it is one mile 
above sea level.) 

Be careful not to mix up the units. We have measurements in feet and in miles. It turns out that one mile equals 
5,280 ft. So we need to use H = 5,280 in our equation for boiling point. So the boiling point at Mile High 
Stadium is 

B = -0.00105/7 + 100 
B = -0.00105(5,280) + 100 
B = -5.544 + 100 
B = 94.456°C 

Does this answer make sense? 
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At sea level (0 ft above sea level), the boiling point is 100°C. At 8,000 ft above sea level, the boiling point is 
91.6°C. One mile (5,280 ft) is between 0 and 8,000 (and it is closer to 8,000 than to 0), so we would expect an 
answer somewhere between 100 and 91.6 (but probably closer to the 91.6 than to 100). And our answer, 94.456, 
is between 100 and 91.6 and a bit closer to 91.6 than to 100. That gives us confidence that our result is in the 
right “ballpark” (or football stadium, as the case may be). 


Additional Examples: 

Below r is a table that shows the number of words Trina can read in relation to minutes. Write a linear equation 
that shows her reading speed. How r many minutes will it take her to read a book that is 80,000 words long? 


x (Minutes) 

i 

5 

30 

60 

y (Words) 

250 

1,250 

7.500 

15..000 


Even though this problem asks about number of w ords and time, it is still a linear equation. We still have two 
variables, just as we w ould for x andy. However, this time they are the number of words and time in minutes. 

Graphing this equation would be unw ise. Let's find the slope using two points. WeTI choose (1,250) and (5, 
1,250). Even though these numbers are larger than those we've been working w ith, the calculations for slope are 
done in exactly the same way. 

Slope = (v 2 - Vi) / (x 2 - xi) 

Slope = (1,250-250)/(5- 1) 

Slope = 1,000/4 

Slope = 250 

Yes. tliaf s a huge slope! But we knew the slope would be large, as the change in v is so much greater than the 
change in x. 

Now that we know the slope, lef s use the point-slope form with the point (1. 250) to find the equation of the 
line. 

y-yi =m(x-x i) 
y - 250 = 250 (x - 1) 
y - 250 = 250* - 250 
y = 250x - 250 + 250 
y = 2 5 Or + 0 

This means that our y-mtercept is 0. 

Now, lef s find out how long it will take Trina to read a book that is 80.000 words long. We know 7 that the 
number of w ords is our v-value. So we need to plug in this number to get the x-value for our ordered pair. 

v = 2 50x + 0 
80,000 = 250*+ 0 
80,000 _ 250x 
250 ~ 250 
320 = r 

Our ordered pair is (320, 80,000). That means it will take I rina 320 minutes to read 80,000 w ords. 
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Lesson 14: Linear Equations for Real-World Data 


Common Errors: 


* It is easy to confuse what you have called the x-value or the y-value. Be sure to label the table 
carefully. 

IMF 

* Do not mix up units! If you are using seconds and are given a time in minutes, make sure to convert 
the units so they am all the same. 

Study Tips: 

* Even though the variables might not be x and y, you can still put an x and y in front of the table to 
remind yourself on which axis you want to graph them or winch one represents the y-value for slope. 


Problems: 

In the following problems, we will use the equation C = (5/9)(F - 32), which relates the temperature in degrees 
Celsius to flie temperature in degrees Fahrenheit. 

1* Determine the temperature in Celsius that corresponds to 95°F. 

2, Determine the temperature in Celsius that corresponds to 107°F. 

X Determine the temperature in Fahrenheit that corresponds to 20°C. 

4, Your friend Bill lias a lawii-cutting business in the summer He makes $25 for each yard that he cuts. 
Assuming Bill started with $42 in the bank at the beginning of the summer, and assuming he will save 
ALL the money he makes this summer (and not spend any!), determine a linear equation that tells us 
how 7 much money Bill lias in die bank after each yard is cut. 

5, Using tlie equation from problem 4. how much money will Bill have in the bank after cutting 12 yards? 

6, During the month of June (when Bill starts Ms business). Bill cuts five different yards four times each 
(basically, each yard is cut once a week for die endre month). How 7 much money will Bill have at the 
end of die month? 

7, Bill is really try ing to save up to buy a new law n mower The cost will be $1,000. How many yards 
w ill Bill need to cut over the course of the summer to have this much money in Ms account? 

8, A food bank gives out 12 cans of soup each week. Assume that it started die year with 816 cans of 
soup thanks to a generous donation from a local food company. Write down a linear equation which 
gives die number of cans of soup still in the food bank after a certain number of w eeks have passed. 

9, How r many cans of soup are still in the food bank after half die year (26 weeks) has gone by? 

10* How many w eeks must pass before the food bank will run out of cans of soup (assuming it does not 
receive any additional donations of soup)? 
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Systems of Linear Equations, Part 1 

Lesson 15 



Topics in This Lesson: 

• Solving systems of linear equations by graphing 

• Solving systems of linear equations by substitution 

Summary: 

Linear equations tell us where to draw a line on a graph. When we have two or more linear equations, we call 
this a system of linear equations. Sometimes these linear equations will intersect or cross each other. The point 
at which they intersect is called the solution to the system. 

We can find the solution to a system of linear equations in several ways. Graphing the two equations will give a 
visual picture of where the lines intersect. This method has its drawbacks when the lines intersect at a fractional 
point or for very large values. Another way to determine the solution of a system of linear equations is by 
substitution. This is done by substituting information from one equation into the other equation. The modified 
equation is then solved, giving the solution. 

Definitions and Formulas: 

System of linear equations —a set of two or more linear equations 

Solution of the system —an ordered pair that makes all the equations in a system of linear equations true 

Examples from the Lesson: 

Solve the following system by graphing: 
y = -lx + 3 
y=3x-l 

Before we draw the graphs, we can tell that there will be a solution to this system based on the slopes, as one 
slope is negative and the other is positive. The two lines will have to cross somewhere. 
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Lesson 15: Systems of Linear Equations, Part 1 


The solution appears to be (2 ? -1), 

Let s confinn this: 

y — ~2x + 3 
-i = -2(2) + 3 
—1 = -4 + 3 
- 1=-1 
y = 3x -1 
-1=3(2)-7 
-1=6-7 
- 1=-1 

So (2, -1) is a solution of the system. 

Additional Examples: 

Solve this system. 

mf 

2x - 3v = 5 
y ~ 2x = 5 

The first tiling we want to do is get one of the equations solved for y. That will allow us to substitute into the 
other equation. 

v - 2x = 5 

-2.V +2x 

y - 5 + 2x 

We now can replace the y in the first equation with 5 + 2x. 

2x - 3v = 5 

■i r 

2x - 3(5 + 2x) = 5 
Now we need to solve forx, 

2x - 3(5 + 2x) = 5 
2x~ 15 — 6x = 5 
-Ax- 15 = 5 
-Ax = 20 
x = —5 

We now 7 have the v-value, —5. We substitute this into one of our original equations to find the y-value. 
y - 2x = 5 
y - 2(-5) = 5 
y + 10 = 5 
y = -5 
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So our solution to this system is 
x = -5,y = -5 

This is the same as the ordered pair (-5, -5). 

Let’s check to make sure that tills is indeed a solution by substituting these values into the original equations. 
2x — 3 y = 5 
2(-5) — 3 (-5) = 5 
-10+ 15 = 5 
5 = 5 

y - 2x = 5 
-5 - 2(— 5) = 5 
-5 + 10 = 5 
5 = 5 

Common Errors: 

• Just because something looks like it might be correct on a graph, it does not mean that it is. Human 
error (drawing lines less than straight, the grid not drawn to scale, etc) can cause errors. 

Study Tips: 

• If you have not already invested in some graph paper, do sot It will be invaluable as you progress 
through this algebra course. 

• Continue to check your work by substituting your answers into the original equation. It may seem like 
a lot of extra work, but if you get into the habit of doing it. it will go more quickly. (And you might 
catch errors you have made in your calculations.) 

■tf V jr 

Problems: 

1* Solve the following system by graphing 
y = 2x- 12 
y = -2x ~ 8 

2* Solve the following system by graphing 
y = 5x~ 4 
y = 3x 

3. Solve the following system by graphing. 
y = -2x - 5 

y = ~2x + 4 

4. Solve the following system by graphing. 

6x + 2v = 16 

fax ~ 3y = 36 
■ 

5. Solve the following system by graphing. 
y = 5x + 2 

25x + 5y = 60 
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Lesson 15: Systems of Linear Equations, Part 1 


6* Solve the following system using substitution. 
4x + 3 v = 10 
y = 2x + 30 

7, Solve the following system using substitution, 
2x + 5y = 24 
y = 3x - 2 

S. Solve the following system using substitution, 
y = 6x - 4 
y = -2x + 28 

9* Solve the following system using substitution. 
4x + 2y = 34 
y = -2x+ 1 

10, Solve the following system using substitution. 
5v + 3x= 2 
4 y + x = -4 


i- 
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Systems of Linear Equations, Part 2 

Lesson 16 



Topics in This Lesson: 

• Solving systems of linear equations by elimination 


Summary: 

When solving systems of linear equations, sometimes we need to manipulate the numbers to eliminate a 
variable. Once we have done the elimination, we can use substitution to solve for the solution. 

We eliminate by combining the two equations in such a way that one of the variables goes away. Sometimes, 
simple addition or subtraction of the entire equation will eliminate a variable. Sometimes, we must multiply the 
entire equation by a number to get the coefficients (the numbers in front of the variables) to be equal. 

When we add equations, we vertically line up the like tenns of the two equations and combine them. When we 
subtract equations, we change all the signs of the second equation, vertically line up the like tenns, and 
combine them. 

Once we have eliminated a variable, we can proceed to solve the system of equations by using substitution. 


Examples from the Lesson: 

Solve. 

-2x + 15y = -32 
lx -5y= 17 

Let’s start by trying to add the equations. 

—2x + 15y = -32 
lx - 5v - 17 
5x + lOy = -15 

Since neither variable was eliminated, let’s try subtracting the equations instead. 

—2x + I5y = -32 
-(lx - 5v) = -17 

—9x + 20y = -49 

Again, neither variable was eliminated. 

Let’s look at the equations. If we multiply one of the equations by a number, will we be able to eliminate a 
variable? We can see that 5 is a multiple of 15, so why not multiply the second equation in the original system 
by 3? Remember, we need to multiply the entire equation, not just one side. 

3(7x — 5y = 17) 

2 lx - 15jy =51 

Should we add or subtract? It makes sense to add as there are already two equal numbers with opposite signs. 
-2x + I5y = -32 
21x — 15v= 51 

19x + 0= 19 
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Lesson 16: Systems of Linear Equations, Part 2 




This is the saute as 19x = 19. 

Dividing both sides of this equation by 19 gives x = 1, We 

plug x = 1 back into one of the original equations to find y. 

—2x + 15v = —32 
■ 

-2(1)+ 15^ = -32 
-2 + 15>' = -32 
1 5y = -30 
y = ~2 

Final solution; (1, -2). 

Let's check the solution to make sure we have the right answer. Substitute the x- and y-values into the 
original equations. 

-2x+ 15v = -32 

-2(1)+ 15(—2) = —32 

-2 - 30 = -32 

-32 = -32 

lx - 5v = 17 
■ 

7(1) 5(-2) = 17 

7 -(-10) = 17 

t 7+10=17 < 

17= 17 

Out solution is correct! 

Additional Examples: 

Solve the following system of equations. 

5* - 2y = 9 

1 2x - 8 v = 4 

A quick look will tell us that neither the nor the y-coefficient is the same in both equations, so combining the 
two by addition or subtraction will not work. We can see that 2 is a multiple of 8, since 2 x 4 = 8. We should 
multiply the first equation by 4. 

4 (5x - 2y = 9) 

Now we need to decide if we should add or subtract the equations. 

20r - By = 36 
12x-8y = 4 
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Since we need to have a -8 and a +8 to eliminate the variables, we should subtract. Change all the signs of the 
second equation and combine. 

20 v - 8y = 36 

-12v + 8y = -4 

8x = 32 

Divide both sides by 8 to get the x-value: 

8x _ 32 

8 8 
x = 4 

Now r that we have our x-value, we plug in to find the y-value 
5x - 2v - 9 
5(4) - 2y = 9 
20 - 2v~ 9 

4r 

-2y = -U 
y= 11/2 

So our solution is (4 ? 11/2). 

Let's check our work. 

5x - 2v = 9 
5(4)-2(11/2) = 9 
20 - (22/2) = 9 
20- 11 = 9 
9 = 9 

12jc - By = 4 
12(4)-8(11/2) = 4 
48-(88/2) =4 

48-44 = 4 

4 = 4 

Our solution is correct. 


Common Errors: 

* When multiplying an equation for elimination, make sure that you multiply both sides of the equation, 
not just one side. Otherwise, the equation will no longer be true. 

• Remember, in order to eliminate a variable, the coefficients must be the same number but have 
opposite signs. 
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Lesson 16: Systems of Linear Equations, Part 2 


For Review: 


• If you want to review solving systems of equations by substitution, review 7 Lesson fifteen. 


Problems: 

Solve the following systems of linear equations. 

1* 2x+y = 9 
3x~ y = 46 

2, 4x + 3v = 20 

■/ 

-4x + 5y = 28 

3, 3x - 4y - 10 
3y + ly - -34 

4* 2x - 8 y = 15 
2x - 8v = 24 

■*r 

5, 2x - y — 9 
3y + 4y = -14 
6* 2v + 5y = 12 
-4* + 4y= 18 
7, 14x- 12y = 10 

■K 

-7y + 6y =13 
X. 3x - 4y = -10 
2y + 5y - 70 
9* 2v + 4 v = 14 
-3y + ly = -8 

10* 4y + 6y - 5 

—12y - 18y = —15 
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Linear Inequalities 

Lesson 17 


Topics in This Lesson: 

• Basic properties of inequalities 

• Inequalities on the number line 

• Graphing inequalities in the Cartesian plane 


Summary: 

Linear inequalities are like linear equations, but the equals sign is replaced by some sort of inequality sign. 
When you graph inequalities on a number line, you use a closed dot for the less than or equal to (<) and greater 
than or equal to (>) symbols, and an open dot for the less than (<) or greater than (>) symbols. The line is 
slanted to the right for "greater than” and to the left for "less than.” 

When you graph inequalities in the Cartesian plane, you use a solid line for less than or equal to and greater 
than or equal to symbols and a dashed line for less than/greater than symbols. The solution to an inequality 
graphed on the Cartesian plane will be half the plane, which is split by the boundary line. If the inequality is 
greater than the line, the solution will usually be to the top or right, wherever the numbers are larger. If the 
inequality is less than the boundary line, the solution will usually be to the left or lower part of the plane where 
the numbers are smaller. 


Examples from the Lesson: 

Graph the solution set of the linear inequality 4x + 8 y > 10. 

To start this problem, we need to determine the boundary “edge,” which is the straight line defined by 
4x + 8v = 10. This is the standard form of the equation of the line. Let’s put it in slope-intercept form. 

4x + 8 y =10 

8y = -4x +10 

y = —4x/8 + 10/8 

y = — l/2x + 5/4 
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Lesson 17: Linear Inequalities 


The boundary line lias slope -1/2 andv-mtercept of 5/4. Notice also that since the inequality here is > rather 
than > we will draw in our boundaiy line as a solid line rather than a dashed line. 



We have two regions, the one above the line, the other below. Which one do we choose as the solution? We 
w r ant y > — l/2x + 5/4, as the values are greater than or equal to the values on the line, so we choose the 
region above. 

Let s check our work. Choose a point that is in the solution set. That w ould be any point found on or above the 
solid line. Let's choose (0 ? 3), 

4x + 8y > 10 

4(0) + 8(3) > 10 

0 + 24 > 10 

24 > 10 


Coirect. 


Additional Examples; 

Graph the solution set of the linear inequality -3 y - 2x < 6. 

The first thing to notice is that we have a negative v- value. Before we do any other math, we can divide the 
w hole inequality by — 1, which will give us a positive Rvalue. 

—3v - 2x > 6 

/ 

-I ~ 

Dividing by -1 means tliat we change all the signs and flip the inequality. 

+3y + 2x > -6 
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Now we can move forward. When we graph in the ay-plane, we need to start by drawing a boundary edge. We 
do tills by replacing the inequality sign with an equals sign, +3 y + 2x > -6, and then putting the equation into 
slope-intercept form, 

+3 v + 2x = -6 
3 v + 2x = -6 
~2x ~2x 

3 y _ -2x -6 
3 3 


y = ~2/3 r - 2 

Slope is —2/3 and they-intercept is -2. 



Which region do we want for our solution? -3y — 2x< 6 was our original equation, but we changed it to +3 v + 
2x > 6 when we eliminated the negative y- value. So our solution is the area to the left and above the line. 

Let's choose a point in this area and check, (-4, 6) is in that region. 

+3y + 2x > -6 
+3(6) + 2(-4) >-6 
18 - 8 > —6 
10 > —6 


Correct! 
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Lesson 17: Linear Inequalities 


Common Errors: 

* Even after you have drawn a boundary line, you have not solved the inequality. You must determine if 
the solutions lie above or below the line you drew . 

* Solid lines are only draw n on the xv-planc when the inequality is less than or equal to or greater than or 
equal to. Dashed lines are drawn w hen there is no “equal to.” 

* Hie inequality sign flips when multiplying or dividing by a negative number. Addition and subtraction 
of negative numbers does not affect the inequality symbol. 


Study Tips: 

• If you are having trouble with the inequality sign, tiy viewing the equation as a simple linear equation 
with an equals sign. How 7 would you graph it? You start to graph the inequality 7 in the same way. 

• When you start out with a negative y -v alue, you can divide the entire inequality by -1. This will 
change the signs of all the numbers and will flip the inequality sign. 

• How should you choose a point to check to make sure your solution is correct? Any point in the region 
of the solution will work. If you need, you can shade the solution area with your pencil What points 
are in this region? Pick one and use it to check. 


Problems: 

Solve the following linear inequalities. 
1, v > 2x + 3 

2> y <4x-l 

X v>“X-2 

- -p 

3 

. 2 . 

4. v <—x + 4 

3 

5, v < -5 

* 3 

6, y < — 

T 2 

7. 4x-6y> 10 

8 , -2x - 3y < 9 

9* 2x < -5y 1 

10, 12 y+96 > 0 
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An Introduction to Quadratic Polynomials 

Lesson 18 



Topics in This Lesson: 

• The form of quadratic equations 

• Parabolas—the graphs of quadratic equations 

• Simplifying expressions 

• Factoring out a greatest common factor (GCF) 

• The FOIL method 


Summary: 

Equations of the form y ax 2 + bx i c are called quadratic equations. Quadratic comes from a Latin word that 
means “to square”—hence, the x 2 term. The graphs of quadratic equations are parabolas because the x-term is 
being squared. When the coefficient of the x 2 -tenn is positive, the ends of the parabola go up. When the 
coefficient of the x 2 -tenn is negative, the ends point down. 

The solutions of quadratic equations can sometimes be found by factoring the equation. Factoring means to 
solve the equation for x. Quadratic equations often have two solutions. (There are two x-intercepts.) 

One way to create quadratic equations is to multiply two binomials together. A simple way to do this is to use 
the FOIL method. FOIL stands for “First, Outside, Inside, Last” and describes the order of multiplication. 


Definitions and Formulas: 

Quadratic equation —an equation that includes a variable raised to the second power (squared). Its typical 
form is y = ax 2 + bx + c. 

Parabola —a U-shape; the graphs of quadratic equations of the form y = ax 2 + bx + c are shaped like parabolas 


Examples from the Lesson: 

Expand (2x - l)(5x - 7). 

Use the FOIL method to make sure that we multiply all the terms together. 
(2x - l)(5x - 7) = (2x)(5x) + (2x)(-7) + (-l)(5x) + (-l)(-7) 

FOIL 

= 10x 2 - 14x - 5x + 7 

Combine like terms to get our final answer. 

10x 2 - 19x + 7 
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Lesson 18: An Introduction to Quadratic Polynomials 


Additional Examples: 

Expand (x - 3)(3x + 5), 

Use the FOIL method. 

F (x)(3x) - 3x 2 
0 (x)(+5) - 5x 
I (-3)(3x) = ~9x 
L (—3)(+5) = -15 
3x 2 + 5x - 9x - 15 

Combine like terms to get 3x - 4x — 15. 

Common Errors: 

* It is easy to forget a term when multiplying binomials. There should be four terms after you are done 
multiplying. When you combine like terms, some of the original four terms may combine or cancel, 

* Do not forget to combine like terms after you multiply! 

Study Tips: 

* Some students benefit from a visual approach to multiplying binomials. Use the face method. Write a 
binomial: (x + 4)(2x - 2). Then draw a half circle/aich from x to 2x and another from 4 to -2. Then, 
under the terms, draw a half circle from 4 to 2x and a larger one from x to -2. You get crossing half 
circles on the top that look like eyes or eyebrow s, and the two underneath look like a nose and a smile. 

Problems: 

1* Does the graph of the quadratic 3x 2 - 5x + 2 open upward or dow nward ? Explain your answer. 

2. Does the graph of the quadratic -x 2 + x + 2 open upward or downward? Explain your answ er. 

3* Simplify the product 4x(3x — 10). 

4, Factor out the greatest common factor in the expression 15x 2 +20x-50. 

5, Expand (A - 2)(A - 8) using the FOIL method. 

6, Expand (x + 7)(x - 3) using the FOIL method. 

7, Expand (3x + 2)(7x + 4) using the FOIL method. 

H. I xpand (5y - l)(3v + 9) using the I 01L method. 

9* Expa nd (2 x - 6 ) 2 , 

10, Expand (3f-2)(3f+ 2). 
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Factoring Trinomials 

Lesson 19 



Topics in This Lesson: 

• Finding solutions for quadratic equations 

• Zeros of the equation 

• Factoring quadratic equations 


Summary: 

The “zeros of the equation” are the numbers you plug in for x to make the equation ax 2 + bx + c = 0 true. They 
can be any number, not just zero. 

The way to find the zeros of the equation ax 2 + bx + c = 0 is to factor. To factor an equation means to break it 
down into its factors. The way we factor a quadratic equation is to set up two sets of parentheses with a variable 
in each one, an addition or subtraction sign, and then a number. We use trial and error to determine the 
numbers, signs, and coefficients of the variables. 

When we multiply two binomials together, we get a trinomial. 


Definitions and Formulas: 

Zeros of the equation —values of x that are solutions of a quadratic equation; they are the x-intercepts of the 
graph ax 2 + bx + c. They can be any number, not just zero. However, when they are plugged into the quadratic 
equation, ax 2 + bx + c, the equation is true. 

Binomial —an expression with two terms, such as x + 3 or n - 7 

Trinomial —an expression with three terms, such as x 2 - 5x + 2 


Examples from the Lesson: 

Factor this quadratic polynomial. 
x 2 - 3x - 40 

Let’s start by filling in what we know. First we know the polynomial will factor as the product of two 
binomials. 

(x )(x ) 

What do we know about the signs inside each binomial? Since our constant, -40, is negative, the signs within 
the binomials must be different. 

(x - )(x + ) 

Next we need to find the constants. 

The product of the two numbers we choose must be 40. What are the possible factors? 

1,40 
2, 20 
4, 10 
5,8 
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Lesson 19: Factoring Trinomials 


Which of these pairs could we combine to make our middle term, -3x? 5 and 8 could be subtracted to make -3 
if we make the 8 negative. So our factorization must be 

(x - 8)(* + 5) 

Lcf s check our work by FOlLing: 

(* — 8)(x + 5) 

= v 2 + 5x - 8* - 40 
= x 2 — 3x - 40 

Additional Examples: 

Factor 3x 2 - 14* + 16. 

Our first step is to write out the parentheses with our r- terms In this case, one will be an x and (he other a 3x, 

Ox )(* ) 

Next we determine what the signs will be. Our constant is +16. Either two negative numbers or two positive 
numbers could be multiplied together to get +16. Let's look at the middle term. -14*. Since we know that the 
signs have to be the same, the only way to get a negative answer with two numbers having (he same sign is by 
combining two negative numbers. Therefore, both our signs must be negative. 

(3* - )(* - ) 

Now we just need the final numbers. Our constant is +16. What are the possible factors? 

1, 16 
2,8 

4,4 

Since we have a 3 as a coefficient, one of the factors is going to have to be multiplied by 3 before we combine 
it. So we cannot simply look at the list of factors and see what we can combine to make our middle term. -14v t 

Use trial and error 

(3* - 16)(x - l) Middle terms -3* and )6x = -19*. No. 

(3* - 4)(* — 4) Middle terms -12* and -4* = -16*. No. 

(3* - 2)(x - 8) Middle terms -2* and -24* = -26*. No. 

We Y e used all our factors, but we do not have an answer. What should we do? Since there is a 3 being 
multiplied, we should consider switching the placement of the factors, 

(3* - 8)(x - 2) Middle terms -8* and -6* - -14*. Yes! 

So our answer should be (3* - 8)(v - 2) t Let’s check it by FOlLing. 

3* _ 6* - 8* + 16 

3*^ - 14* + 16 
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Common Errors: 

* Do not forget to multiply by the coefficient of the x-temi if there is one. 

Study Tips: 

* A quick way to factor a quadratic equation is to write dow n the factors of the last term in the equation. 
Which set of factors can you combine to make the middle term in the equation? (If there is a 
coefficient in front of the x 2 -term ? this does not work the same way.) 

* Always check your factoring by I OILing. 

Problems: 

Factor the following. 

1* x~ + lx + 12 

2. x 2 -9x + 18 

3. x 2 -4x-21 

4. x + 8x — 48 

5* x 2 +12x + 36 

6. x 2 - 81 

X x 2 -144 
H. 2x~ +1 lx + 5 
X 6x s -I6x+8 
10. 2x 2 -7x-15 
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Lesson 20: Quadratic Equations—Factoring 


Quadratic Equations—Factoring 

Lesson 20 



Topics in This Lesson: 

• Factoring quadratic polynomials that have no constant 

• Factoring the difference of two squares 

• Factoring perfect trinomials 


Summary: 

In order to factor a polynomial that has no constant term, you factor out the greatest common factor and then set 
that factor, a plus or minus sign, and a zero in one set of parenthesis and what is left over from factoring in the 
other set of parentheses. 

Perfect square trinomials occur when a binomial has been squared. To factor these trinomials quickly, look at 
the first term. Is it a perfect square? Look at the last term. Is it a perfect square? Now, look at the middle term. 

Is it two times the product of the square root of the first term and the square root of the last term? If so, you 
have a perfect square trinomial. Simply put the square roots of each term in parentheses and a plus or minus 
sign. You can write out two sets of parentheses or just one set raised to the power of two. 

The first step in identifying a difference of two squares is that there is no middle term. If there is no middle 
term, check the sign of the constant. It must be negative. Finally, check the x 2 -tenn and the constant. Are they 
both perfect squares? Then the equation is a difference of two squares. To factor this type of equation, simply 
write the square roots in the parentheses, one with a plus sign in front of the constant and the other with a 
negative sign. 


Definitions and Formulas: 

Constant term —the third term of a trinomial that has no variable in it 

Perfect square trinomial —a trinomial (three terms) that can be written as the perfect square of a binomial 
(two terms) 

Difference of two squares —an equation that has one squared term subtracted from another term that is a 
square. There is no middle term in a difference of tw o squares. 


Examples from the Lesson: 

Factor 5x 2 - 245. 

Is this a difference of two squares? There is no middle term, and the sign is negative, but the numbers are not 
perfect squares. 

Notice that 5 is a factor of both 5x 2 and 245. So it is a "common factor.” Let’s factor it out then and see 
what happens. 

5x 2 - 245 = 5(x 2 ) - 5(49) = 5(x 2 “49). 

What is left, x 2 - 49, is a difference of two squares. 

So our factorization is this: 

5x 2 - 245 = 5(x 2 - 49) = 5(x - 7)(x + 7) 

This problem is a mixture of “difference of two squares” and the “greatest common factor.” 
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Additional Examples: 

Factor 4x 2 - 28r + 49. 

We know this is not a difference of two squares because of the term -2&v. Both the first and last terms are squares, 
so this might be a perfect square. Let’s factor to see. We put die square roots of both terms in the parentheses. 

(2x T)(2x 7) 

But what signs do we use? The constant term is positive, but the middle term is negative. We should use minus 
signs, as we want the middle term to add up to a negative number. 

(2x - ?)( 2x ~ 7 ) 

If we multiply this out, we get 4jt - I4x - 14v + 49, 

When we combine, we get 4 a 2 - 28* + 49, which is exactly what we wanted. So our answer is 
(2x - 7)(2x - 7), or (2x - if 


Common Errors: 

* A difference of two squares will always have opposite signs in the two sets of parentheses. A perfect 
square will always have the same sign in both sets of parenthesis. 

• Make sure you check for common factors in an equation that can be factored out before you determine 
that an equation cannot be factored. 

Study l ips: 

* There are two ways to be able to quickly determine if a trinomial is a perfect square of a binomial. You 
have a quadratic polynomial w hose “squared term” and constant term are perfect squares (like x 2 and 9 
or x 2 and 49) and the middle term is exactly two times the product of one factor from the x 2 term and 
one factor from the constant term, like 14x = 2 (a)(7). 

• Even if you do not recognize these special types of equations, they will all factor in the same way the 
other equations factored. You can check your work using the FOIL method as always. 


Problems: 

Factor the follow ing. 

1, x 2 - 4x 

2> 3x 2 — 9x 

X 6x 2 +1 6x 

4f x +1 Ox + 25 

x 2 +14.V + 49 

6, 4Y-I2r+9 

7. x 2 -169 

8* x 2 - 900 

9* 16Y-49 

10. 50x 2 -72 
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Lesson 21: Quadratic Equations—The Quadratic Formula 


Quadratic Equations—The Quadratic Formula 

Lesson 21 



Topics in This Lesson: 

• Definition of the quadratic formula 

• Solving equations using the quadratic formula 


Summary: 

Not all quadratic equations are easy to factor in the ways we have been factoring. A tool to use to solve these 
more difficult equations is the quadratic formula. A quadratic equation is of the form ax 2 + bx + c = 0. To use 
the formula, we just substitute the constants in our equation for the variables in the quadratic formula. 

There are at most two solutions to a quadratic equation, since there are at most two x-intercepts on the graph. In 
order to find such solutions, you need to write the equation once with adding the radical (square root) and once 
with subtracting the radical. 


Definitions and Formulas: 


The quadratic formula —x 


-b ± yJb 2 - 4 ac 
2 a 


Examples from the Lesson: 

Solve the equation lx 2 + lOx +8 = 4x 2 + 2x + 11. 

Let’s start by moving all the terms to the left side of the equation. Then we would have 

3x“ + 8x - 3 — 0 

Let’s go right to the quadratic formula. In this case, a = 3, 6 = 8. and c = - 3. That means the solutions are 


~(8) + V(8) 2 -4(3)(-3) 

2(3) 

-8 + ^64-(-36) 

6 

-8+Cioo 

6 and 

(- 8 )+ ( 10 ) 


.. -(8)~V(8) 2 -4(3)(-3) 

2(3) 

-8-^64-(-36) 

A 

6 

-8-VToo 

X =- 

6 

_(-8) - (10) 

A 

6 

-18 

x =- 

6 

x = -3 
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So our two solutions are x = 1/3 and x = —3. A quick peek at the graph of the equation 3^ + 8x - 3 confirms 
our result. 



Notice that the two places where the graph appears to be crossing the r-axis are at x = -3 and x = 1/3. 


Additional Examples: 


Solve -2x 2 + 15x +17. 


This equation calls for the quadratic formula: 


-b±yjb -4 ac 
x = - 


In this example, a = -2, b = 15, and c = 17. When we substitute in our two equations, we get 


_ —15 — ■%/15+ 4(—2)(17) 
2 (- 2 ) 

and 

-15 + >/l5 2 — 4(—2)(17) 
2 (- 2 ) 


71 












Lesson 21: Quadratic Equations—The Quadratic Formula 


Let’s work out the equations. 


— 4<—2)(17) 
2 (- 2 ) 

_ -15-V225-(-136) 
-4 

-15-V361 
.v -- 

-4 

-15-19 

x = - 

-4 

-34 

x = - 

-4 

17 

X ~ 2 


—15 + -y/l5 2 — 4(—2)(17) 
2 (- 2 ) 

_ -15 + ^225-1-136) 
-4 


x = 




x = 


-15 + ^361 


-4 

-15 + 19 
-4 


_+4 

* -4 

x = — 1 

So our solutions are x = -1 and x = 17/2. 


Common Errors: 

* Watch all the different plus and minus signs in the formula. Make sure that you copy them correctly 
after each step. 

• There are possibly two solutions for each quadratic equation. Do not forget to substitute in for 
both formulas! 


Study l ips: 

• Neat handwriting will really make a difference with your math work. The more complicated a 
problem, the more likely it is to produce an error. Do yourself a favor—write in tidy columns with 
neat handwriting. 

* You can use a calculator to find square roots. However, it is a great idea to memorize the first 20 
squares and square roots. 
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Problems: 

Solve tlie following equations; 

1 , x 2 -3x + [=0 

2* x 2 + 9x + 20 = 0 
X 6x 2 + 16x = 0 

4, x 2 -8x+I6 = 0 

5, 5x 2 +1Lv + 2 = 0 
6* x 2 +6x + 12 = 0 

7, x 2 - 5x - 8 = 0 

8, 6x -17x+9 = 4x 2 -14x- 3 

9, -X 2 - 4x+7 = 0 
10* -x 2 + 6x - 9 = 0 


Lesson 22: Quadratic Equations—Completing the Square 


Quadratic Equations—Completing the Square 

Lesson 22 



Topics in This Lesson: 

• Domain and range of a function 

• Completing the square to solve quadratic equations 


Summary: 

One way to solve quadratic equations is to complete the square. This technique is really a way to rewrite a 
quadratic function in a very special form that tells us quite a bit about the “shape*' of a quadratic function 
and its graph. When we complete the square, we are trying to find the x-value of the lowest or highest point 
of the graph. 

The steps to complete the square are as follows. Your equation should be of the form ax 2 i bx t c = 0. Look at 
the b value. What constant could we add to ax 2 + hx to make a perfect square? Insert both the negative and 
positive value of this number into your equation: ax 2 + bx + c + n - n = 0. Rewrite the equation so that the 
correct //-value (positive or negative) is next to the ax 2 + bx terms and combine the other //-value with the 
constant: (ax 2 + bx + //) + c - n = 0. Factor the trinomial in parenthesis: (x + m)(x + m) + c + n = 0. Move the 

(c + n) to the other side of the parenthesis and take the square root of both sides: >](x 2 +m) = ±\lc + n . You 
will need to have both a negative value and a positive value for the square root. Finally, solve for x. 


Definitions and Formulas: 

Function—a mathematical rule or relationship that assigns exactly one output value to each input value 
Domain of a function—the set of input values that we can plug into the function 
Range of a function—the set of output values of the function 
Vertex—the highest or lowest point of a parabolic graph 


Examples from the Lesson: 

Solve the equation x 2 - lOx = 23. 

Well, we know that the equation x 2 - lOx = 23 is the same as the equation x 2 - lOx - 23 = 0. 

So we will work with the equation in this new form. Look at the first two terms of the equation: x 2 - lOx. What 
constant would we need to add to this to get a perfect square binomial? In other words, what value of a would 
we need so that x 2 - lOx + a is a perfect square? -25 is the answer. We can always add 0 to an equation without 
changing the value, so let’s add 0 by putting a -25 and a +25 in our equation. 

x 2 - lOx - 23 + 25 - 25 

And we can regroup 

(x 2 - lOx + 25) - 23 - 25 

And factor 

(x - 5)(x - 5) - 48 

So we can rewrite x 2 - lOx - 23 as (x - 5) 2 - 48. 
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That means our equation can now be written as 
(x ~ 5 f ~ 48 = 0 
or 

(x- 5) 2 = 48 

We can now take the square root of both sides of this equation to obtain 
x-5 = ±\/48 

Now factor the 48 to see if any perfect squares are hiding inside it. 

48 = 2x24 = 2x2x12 = 2x2x2x6 = 2x2x2x2x3 
48 = 16x3 

>/48 = Vl6 x >/3 

= 4xV3 
= W3 

x-5 = t4\fl 

This means we really have two equations. 

x - 5 = —4 -n/ 3 and x-5 = +4-J3 
Adding 5 to both sides of these equations gives 

x = -4^/3 + 5 or x = +4VJ + 5 
Both of these values are indeed solutions of the equation 

x 2 - 10x = 23 

Additional Examples; 

Solve the equation x 2 + 6x = 16. 

First rewrite the equation. 
x 2 + 6x — 16 = 0 

Now what constant do we need to add to make a perfect square? 6 is 3 + 3, so we must need to add a 9 (winch 
is 3 2 ). 

x* + 6x- 16 + 9- 9 
Regroup. 

xr + 6x + 9 - 16 - 9 
(x 2 + 6x + 9>- 16-9 
(x + 3)Cr + 3) - 25 
So our equation can be written as 
(x + 3) 2 - 25 = 0 
And rew ritten as 

(x + 3) 2 = +25 
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Next take the square root of the equation. (Remember to do this twice, once with a positive value and once with 
a negative.) 


V(.r+3) = W25 
x — 3 = +5 
x-2 


V(.y+3) ! = -V25 

x+3 = -5 

x = -8 

Both -8 and 2 are solutions to the equation. We can check this by plugging in these values to the original equation. 


x 2 + 6x = 16 
(-8) 2 + 6(-8) = 16 
64-48 = 16 
16 = 16 


x 2 + 6x = 16 
(2) 2 +6(2) = 16 
4 + 12 = 16 
16 = 16 


Common Errors: 

* When you take the square root of both sides of an equation, you must allow for both a positive answer 
and a negative answer. This does not mean that the square root of a real number is a negative value. 
The square root of 9 is 3 , period. Do not mix up the tw o ideas; square roots of positive real numbers 
are always positive, but the solutions of an equation where you have taken the square root of both sides 
can potentially be positive or negative. 

• The constant term at the end is not needed to complete the square. You should not consider it when 
looking for the number that will complete the square. 


Study l ips: 

• Be very careful of your signs. A misplaced negative or positive sign can mess up the whole problem. 

• Some students may find it easier to complete the square if they keep the equation in the form 

ax 2 + bx = c. For example, in the equation x 2 + 22x - 15, instead of moving the 15 to the other side, 
leave it w here it is. Look at the left-hand side of the equation. What do you need to do to make it a 
square? Add a +121. Then simply add the number to both sides of the equation x 2 + 22x +121= 

15 + 121 and then factor mid combine terms: (x + 1 1 ) = 136, You are now all set for taking the 
square root. 

• Do not worry if you feel like tills lesson is particularly hard and complicated. It is! Hie steps will 
become more natural as you practice. And. not all the rest of die topics in die course are as complex. 
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Problems: 

Determine the smallest value of the following quadratic equations. 

1, /( x) = v 2 +8x + 21 

2 , /(x) = x 2 +1 Ox + 13 

Use the method of completing the square to solve the following equations. 

3 , x 2 + 2x-7 = 0 

4 x : +12x + 32 = 0 
5, x 2 +16x + 6L = 0 

6* x 2 + lx - 1 = 0 

7* 5x 2 + 3 Ox + 25 = 0 

8, — x + 8x + 13 = 0 

9, x 2 + 4x + 9 = 0 

10, 2x 2 +20x + 58 = 0 


Lesson 23: Representations of Quadratic Functions 


Representations of Quadratic Functions 

Lesson 23 



Topics in This Lesson: 

• Parabolas 

• Graphing quadratic functions 


Summary: 

The graph of a quadratic function of the form jy - ax 1 i bx c will be shaped like a parabola. In general, a 
parabola is a U-shaped graph; some of them open upward (and are sometimes referred to as cups), while others 
open downward (and are sometimes called caps). The orientation of the parabola is determined by the a value in 
front of the x 2 -term. If a > 0, then the graph is a cup. If a < 0, then the graph is a cap. 

In order to graph a quadratic function, you need to know several tilings. First of all, will the graph be a cap or a 
cup? Next you must find the x-intercepts by factoring the polynomial or using the quadratic formula. The 
y-intercept is found next. When you write the equation in the form y = (x - a) 2 + h, the ordered pair for the 
vertex is ( a , b). Finally, you sketch the graph on the xy-plane. 


Definitions and Formulas: 

Parabola—a U-shape; the graphs of quadratic functions of the form y = ax 2 + bx + c are shaped like parabolas 

Vertex of a parabola—the unique lowest point (when a > 0) or unique highest point (when a < 0) of 
any parabola 


Examples from the Lesson: 

Sketch the graph of the equation y = x 2 + 6x + 5. 

The first tiling to ask—is this graph a cup or cap? Since the coefficient of x 2 is positive, the graph opens upward 
and is a cup. Now we need to factor to find the x-intercepts. (By the way, if the factoring is not “nice,” then the 
x-intercepts are probably not going to be nice. Having the x-intercepts is not crucial—but they are convenient 
for “connecting the dots” if they can be found easily.) 

In this case, our factoring is easy. 

y = x 2 + 6x + 5 

y= (x+ l)(x + 5) 

What does that mean for x-intercepts? Well, again, we are going to set y = 0 and solve forx. 
y = (x + l)(x + 5) 

0 = (x + l)(x + 5) 

Then x+l = 0orx + 5 = 0. 

So x = -1 or x = -5. 

The two x-intercepts are at (-1, 0) and (-5, 0). 
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We know where the two x-intercepts are—they are both to the left of the origin. And we know r the graph is 
going to open upward. In w inch quadrant does the vertex live? I, IL III, or IV? The answer is III. But what is 
that vertex? Let’s complete the square to find out. 

y - x" + 6x + 5 

y = v 2 + 6x + 9 - 9 + 5 

y = (x 2 + 6x + 9) — 9 + 5 

y = (ar + 3) 2 — 9 + 5 

y = (x + 3) 2 -4 

The fomi of the equation of a parabola we considered before w as 
y = (x - a) 2 + h 

and the vertex then had coordinates (a, b ). We have (x + 3) - 4 . Hiat means the coordinates of the vertex are 
(-3, -4) w hich is in Quadrant III, so we are on the right track. 

Once we have the vertex and the two x-intercepts in this example, we can sketch the graph pretty quickly. 



Notice that our plot has y-intercept (0. 5). Is that the correcty-intercept here? Let’s find they-intercept which is 
the point w here x = 0. To find oury-intercept we go back to our original equation and set x = 0. 

y = x' + 6x + 5 

y = 0 2 + 6(0) + 5 

y = 5 

So we got the correct y-intercept. 
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Additional Examples: 

Sketch die equation of the graph of y = -x 2 - 8x - 22, 

Will tliis graph be a cup or cap? The coefficient of x 2 is -l, so the graph will open downward and be a cap. 

Find the ^intercepts. Even diongh we might be able to factor tills in die traditional w ay. let s use the quadratic 
formula: a = -l,b = -8, and c = -22. 

-b i V/? 2 -4ac 

x =- 

2 a 

.. -(-B) + VT-8) 7 -4(-lK-22) 

2(-l) 

+8 + 764 - 88 
x =- 

-2 

8 + V-24 

X =-- 

-2 

Since there is a negative number under the square root symbol we know there is no solution. We can see that 
even when we change the equation to 

8-V-24 

X =- 

-2 

i- \ 

we still camiot find an x-intercept: because the number under the square root symbol is still negative. This 
means there are no x-intercepts. 

Now: let s find diey-intercept All we have to do is plug in 0 for the x-value in our original equation. 

y = -x 2 - 8x - 22 
y = —(0) 2 - 8(0) - 22 
y = -22 

So our y-intercept is (0, -22). 

Tlie final piece of information we need before we draw the graph is the vertex. We will need to complete the 
square. 

-x 2 - 8x - 22 
-(x 2 + 8x + 22) 

—(x“ + 8x + 16 — 16 + 22) 

-(x 2 + 8x + 16) - 6 
-(x + 4) 2 - 6 

So die vertex is at (-4. -6). 
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Here's a sketch of the graph. 



Common Errors: 

• Don't forget! Any time you take the square root of both sides of the equation, you need to have a 
positive and a negative answer In other words, you have to solve the equation twice and you may get 
two different answ ers. 

Study Tips: 

* There are a many steps involved in graphing a quadratic equation. Before you begin your homework, 
make a checklist of the steps and refer to it as you do your work. That w ay. you won't leave out a step. 

Determine if graph is cup or cap. 

Find v-intercepts (remember positive and negative square root answers!). 

Find y- intercept. 

Find vertex. 

Graph the equation. 
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For Review: 

• Check out Lesson Twenty-One for a rev iew of the quadratic formula. 

* Stil 1 st niggl ing with complet i ng t lie squa re? Review L es son I we nty -1 wo. 

Problems: 

Sketch the graph of each of the following quadratic equations. 

1* v — x + 8x+ 7 

2, v = v 2 - 4x+9 

•*r 

3, y = -x~ +6x-9 
4 y = (x + 1) 2 

5, y = -(x + 3) : -4 

6, y = - x 2 + 3x 

7, y = x' : - 4 

ft. y = -x 2 - 2 

9, y = (x- J)(x - 5) 

10* y = -(x~ l)(x + 2) 


i- 




82 



Quadratic Equations in the Real World 

Lesson 24 



Topics in This Lesson: 

• Using quadratic equations to solve real-world problems 


Summary: 

Quadratic equations are not just something that mathematicians dreamed up. They have many practical uses in 
the everyday world. Knowing how to translate a real-world situation into a quadratic equation and how to solve 
this equation will help you. 

Examples from the Lesson: 

A small rectangular box has a volume of 280 cm 3 . The dimensions of the box are 4 cm by x cm by (x + 3) cm. 
Find the value of x (which can be thought of as the length of one particular side of the box). 

A sketch of a related picture can be very helpful. Draw a three-dimensional box. Next label the drawing with 
sides of length 4, x. and x + 3, since these are the three lengths or dimensions of the box. 

We know that the volume of the box is 280 cm 3 . That means we need a formula for the volume of a box that is 
V = Iwh, where 

V= volume of a rectangular box 
/ = length of the box 
w = width of the box 
h = height of the box 

Now we plug in our values. V= 4x(x + 3) from the information we know (that's using V = Iwh). But we also 
know V= 280 in this problem. So we can equate these two quantities for V to get 

4x(x + 3) = 280 

Notice that we can get rid of that 4 on the left-hand side by dividing both sides by 4. 
x(x + 3) = 70 

Now we want to solve for x. Expand the left-hand side and move the 70 over to the left-hand side. 
x 2 + 3x = 70 
x 2 + 3x - 70 = 0 

We could use the quadratic formula or completing the square or factoring to solve for x. Let’s try the most 
simple tiling first, factoring. 

x 2 + 3x - 70 = 0 

(x + 10) (x - 7) = 0 

Let’s keep going. This means that 

x + 10 = 0 or x - 7 = 0 


x = -10 or x = 7 


Now which answer is correct? Well, remember that x is one of the dimensions of the box. Can we have a 
negative dimension? Of course not! So x = -10 is definitely not the right answer in the context of this problem. 
Therefore, the answer must be x = 7 cm. 
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We can check tills quickly: The volume of the box is given by 
V= 4x(x + 3) 

Replacing x by 7 in this formula yields 

V 

= 4(7X7+ 3) 

= 28(10) 

= 280 

and 280 was the value for the volume that we were given in the original problem. 


Additional Examples; 

We are going to build a square parking lot. Each parking space requires 50 sq ft. Hoav large does the square 
parking lot need to be to include 200 parking spaces? 

First define some variables and draw a sketch. Our parking lot is a square, so we can label both sides as x. The 
formula for the area of a square is length times width. Since both our length and width are represented by x, we 
can w rite x times x orx 2 . 

Area = x 

We also know that minimum size of the area has to hold 200 parking spaces at 50 ft each. So our area can also 
be represented by 200 times 50 or Area = 200 x 50 ft 2 = 10,000 ft 2 . 

Using these two pieces of data, we can set up an equation. 

Area = x 2 

Area = 10,000 ft 2 

x*=10,000 ft" 

We want to solve forx. The easiest w ay to do this is to take the square root of both sides. Remember, we need 
to have both a negative and positive answ er w hen we take the square root! 

77 = +^i o.ooo 

x = 100 


77 = -Vio.goo 

x = -100 

Our tw o possible answ ers for x are 100 and -100. Which one makes sense? Since x is the measure of a side of a 
parking lot, it would not be —100. So the answer must be 100. 

Our original question asked how large the square parking lot needed to be. The answer is that each side must be 
100 ft in length. 
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Common Errors: 


• Once you have an answer, make sure you check your original problem to see if you answered the 
correct question. 


Study Tips: 

* When you have finished the problem, ask yourself, “Does this answer make sense?” If you were trying 
to find the volume of water in half of a two-liter bottle, and your answer was --69.52 liters, you can bet 
that a calculation is wrong somew here. 

• Translating real-w orld or sioiy problems into formulas can be confusing. Drawing a picture often helps 
you to see what is being asked and w hat the final answer might be. Assigning well-defined variables 
also makes the problem easier to understand. 


Problems: 

1. A cardboard box is to be made that is exactly 10 inches high. The length of the box is to be 4 inches 
longer than the width of the box. 

2. Using the equation in problem f determine the volume of a box whose length is 12 inches, 

3. Using the equation in problem 1, determine the volume of a box w hose w idth is half a foot. 

4. Using the equation in problem 1, determine the dimensions of such a box w ith total volume 450 in . 

5. The volume of a cylinder is given by V = where r is the radius of the cylinder and h is height. 

In particular, if the raduis of the cylinder is 8 cm and the height is 6 cm, then the volume is given by 

V= 6n8 2 which is a quadratic equation. 

6. Find the radius of a cylinder with a height of 6 cm and a volume of 7,536 cm 3 . 
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The Pythagorean Theorem 

Lesson 25 



Topics in This Lesson: 

• Right triangles 

• Hypotenuse 

• Pythagorean Theorem 


Summary: 

A right triangle contains a 90° angle. The side opposite the 90° angle is called the hypotenuse. The other two 
sides are called legs. The legs of a right triangle are usually labeled with a and h, and the hypotenuse is labeled 
with c. 

The Pythagorean Theorem allows us to solve problems involving right triangles. It states that if we square the 
length of the two legs and add them together, their sum is equal to the length of the hypotenuse squared. 


Definitions and Formulas: 

Right triangle—a triangle where one of the angles is a “right angle” or 90° angle 

Hypotenuse—the side of the triangle that is opposite the right angle. It is also the longest side of a 
right triangle. 

Legs of a triangle—the other two sides of the triangle that are not the hypotenuse 

Pythagorean Theorem—in any right triangle, the sum of the squares of the lengths of the legs equals the 
square of the length of the hypotenuse: a + b = c 


Examples from the Lesson: 

Assume we have a right triangle where the length of the hypotenuse is 26 and the length of the shorter leg is 10. 
Find the length of the longer leg. 

Well, using the notation we have been using up to now, we have a = 10, c = 26, and we want to find b. 
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Thanks to the Pythagorean Theorem, we know that 
cr + b 2 = c 2 
10 2 + 6 2 = 26 2 
100 i b 2 = 676 
A 2 = 676 - 100 
/r = 576 

So we know that b = v576. But w'hat is V576 ? How' might we find it? Well, one useful idea is to factor 576 
until we begin to see some perfect squares. 

576 = 2x288 = 2x2x144 = 2x2x12x12 = 24x24 = 24" 


Ah ? now we know 7 that a/576 = a/24" . Therefore, 
b = 24 

So the length of the longer leg is 24. 

Notice that 24 < 26. That s a good sign because the hypotenuse of a right triangle must alw ays be longer than 
either of the other two legs. 


Additional Examples: 

You have a triangle w ith sides of 9 cm and 12 cm. What is the length of the hypotenuse? 

It helps to draw 7 a picture and label it. But, which sides are which? We know that the longest side is the 
hypotenuse, and it belongs across from the right angle. We do not know the measurement for tills side, so we 
w ill just label it as c. The other sides have lengths 9 cm and 12 cm. It does not matter which leg gets which 
measurement as long as neither is assigned to the hypotenuse. 



Now, we simply plug the values into the Pythagorean Theorem and solve for the missing variable. 
a 2 + b 2 = c 2 
9 2 + 12 2 = c 2 
81 + 144 = c 2 
225 = c 2 
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Now we need to take the square root of both sides to solve for c. 

V 225 =47 

15 = c 

The length of the hypotenuse is 15 cm. 


Common Errors: 

* Hie hypotenuse is the longest side of the triangle, and it is always across from the 90° angle* 

* You cannot have a negative value for one of the sides of a triangle since these numbers 
represent length* 

* Don t forget! If your variable is still squared, you have not solved the problem. The problem is not 
finished until the variable is by itself. 


Study lips: 

* Draw a picture of the triangle mid label all the information you have* It will help to keep tilings clear* 


Problems: 

Determine whether or not the following three numbers can sen e as the leg lengths of a right triangle* 

h 8, 15, 17 
2* 7, 1.2, 15 
X 9,40,41 

4. 45, 55, 65 

Determine the missing leg length necessary so that a right triangle is formed. 

5, 15, 39 

6* a, 63,65 

7. 10, b , 15 

8, 4, 10, c 

9* Determine whether there exists a right triangle where the length of the hypotenuse is 11 and the tw o 
leg lengths are exactly one unit apart and are whole numbers* 

10, Determine whether there exists a right triangle where the length of the hypotenuse is 87 and the two 
leg lengths are exactly three units apart. 
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Polynomials of Higher Degree 

Lesson 26 


Topics in This Lesson: 

• Polynomial definition 

• Degree of a polynomial 

• Leading coefficient 

• Graphs of polynomials 


Summary: 

The word polynomial comes from two Latin roots, poly , which means “many,” and normal , which means 
“number.” Therefore, a polynomial represents many numbers. In algebra, polynomials also include variables, 
some of which may be raised to powers. These powers must be positive numbers. 

When we list the terms in polynomials, we often list them from the greatest power to the least power, but they 
do not have to be written in that order. The degree of the polynomial is the largest power in the polynomial. The 
leading coefficient is the number (coefficient) in front of the variable with the greatest power. 

Graphs of polynomials are always continuous curves (no breaks) and also will not have any sharp comers (V- 
shapes). Even real number is in the domain of any polynomial. That means you are allowed to plug in any real 
number into a polynomial and it will make sense. This fact is what prevents any breaks in the graph. The 
number of x-intercepts of a polynomial is at most the degree of the polynomial. This number does not have to 
be equal to the degree, just less than or equal to the degree. If the degree of the polynomial is even, then both 
ends either go up or both ends go down (as in a parabola), depending on the sign of the leading coefficient. 


Definitions and Formulas: 

Polynomial (in the variable x)—an expression of the form a _0 + a_lx + a_2x + ... + a nx where each of the 
a_ 0, a_ 1, a_ 2, ..., a n are numbers (which could be positive, negative, or zero) and the powers on all the x’s are 
positive integers. 

In other words, a polynomial is a number plus or minus a number with a variable plus or minus another number 
with a variable that has a positive exponent plus or minus another number with a variable that has a different 
positive exponent, and so on. 

Degree of a polynomial—the largest power in the polynomial 

Leading coefficient—the coefficient (number) in front of the term that contains the largest power of x 

Examples from the Lesson: 

Find the degree of the polynomial. 

14x 5 + 23x 4 - 102x + 19 

Since the largest power is x 5 , the degree of the polynomial is 5. 

1 + 3x + 4x 2 — 8x 3 

Since the largest power is x 3 , the degree of the polynomial is 3. 

2 - lOx + 8x 4 - 5x 2 

Since the largest power is x 4 , the degree of the polynomial is 4. 
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Additional Examples: 

Determine if the following are polynomials. 

2x + 5 

Yes. because the x (or x ) has a positive power of 1. 

3x lM -2 x + 1 

No. because the power 1/4 is not a whole number. 

6x — 3x~ ? ' 

No, because a polynomial camiot have a negative power. 

Ax —5 + 34x' ” 5x ] " 

Yes, even though they are not w ritten in descending order, the powers are all positive, real numbers. 

Jx 

]_ 

No. because Vr = x 2 and 1/2 is not an integer. 

Common Errors: 

* Make sure that when you are deciding the degree of the polynomial you look at all the powers. The 
highest power may or may not be listed first. 

* The leading coefficient belongs to the variable with the highest degree, not with the first variable in 
the polynomial. 

i- i 

Study l ips: 

* Rewriting a polynomial in descending order (largest power to smallest power) is always allowed. Just 
make sure that you do not change any of the signs of the coefficients. 

Emblems: 

Determine which of the following is a polynomial. For those that ate polynomials, state the degree and 
leading coefficient. 

1. 5x 6 -1Ax 4 +21 x 

2 . VT}* 5 + 10r‘ 

3. 2y' : - 10.v'+ 27x ' 

4. 5x 2 +7^fx 

5. 15,\* 6 -18, v 9 + 2 7 a ' 8 

, 2r* +1 

4x 2 - 3 

Graph the polynomial. 

7. 5x 6 - Ux A + 21 x 

8, 1 3.r' -1 2x 2 + x 

9, -3x 4 +4.r 

10. -6x 5 +9x 2 +1 
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Operations and Polynomials 

Lesson 27 



Topics in This Lesson: 

• Adding, subtracting, multiplying, and dividing polynomials 
Summary: 

To add polynomials, simply combine like tenns. To subtract polynomials, change the signs of all the tenns in the second 
polynomial and then combine like tenns. Addition and subtraction will not change the degree of the polynomial. 

When you multiply polynomials, you distribute each term in the polynomial with each term in the other 
polynomial. The coefficients are multiplied, but the exponents are added. 

To divide polynomials, set up a division bar and place the second term outside the bar (this is the divisor) and 
the first term inside (this is the dividend). If any powers of the variable are missing, you need to write them in 
with 0 as the coefficient of that term. Look at the first term of the dividend. How many times will the divisor go 
into this term? Write the variable on the line above the first term and multiply all the tenns of the divisor by this 
value and write the answer under the dividend. Change the signs of the result, combine like tenns, and repeat 
the process until all the tenns have been divided. If you have a number left over, it is a remainder. 

Examples from the Lesson: 

Expand (x 2 + 2x + 3)(x 2 - 4x - 6). 

Each term in the first set of parentheses must be multiplied with each term in the second set of parentheses. So 
that is going to give us nine different tenns before we combine the like tenns. So here goes: 

x“(x") + x 2 ( — 4x) + x 2 (~6) + 2x(x 2 ) + 2x(-4x) + 2x(~6) + 3(x 2 ) + 3( — 4x) + 3 ( — 6) 

= x 4 - 4x 3 - 6x 2 + 2x 3 - 8x 2 - 12x + 3x 2 - 12x - 18 

= x 4 - 2x 3 - 1 lx 2 - 24x - 18 


Additional Examples: 

Simplify x 3 + 5x + 6 + (x + 1). 

Since one of the tenns is missing, x 2 , we need to make sure to write it in when we write out the dividend. 
Remember to use 0 as the coefficient. 


x + l^x + Ox + 5x + 6 
Now divide. 

x — x + 6 
x + ijx + Ox + 5x + 6 


lx + 5x 
-x 2 - lx 

6x + 6 
6x + 6 
0 

The final answer is x 2 - x + 6. 
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Lesson 27: Operations and Polynomials 


Common Errors: 

* Do not add or subtract exponents when adding or subtracting polynomials. The exponents stay the 
same in those problems, 

* When you multiply polynomials, you add the exponents. Do not multiply them! 

* When doing long division of polynomials, make sure that you keep the positive and negative signs in 
your answer on top of the division bar! 

* If one of the terms of a dividend is missing, it must be w ritten in with 0 for the coefficient. For 
example, 3.r - 2x + 7 can be rewritten as 3r* 4 Ox ” 2x + 7. 


Study Tips: 

* When combining like terms, it helps to rew rite the polynomials so that like tenns are lined up 
vertically. Then add down the columns. This can be done for addition and subtraction. (Don t forget to 
change all the signs of the second polynomial when you subtract! ) 

* You can w rite multiplication of polynomials vertically in the same w ay you would write multiplication 
of multi-digit numbers. Simply multiply each term as you would each number and w rite the answer on 
the line below-. You can even line up like terms this way for easy combining dow n the columns. 

(4x 2 - 4x + 5)(2x 2 - 3) 


4x 2 - 4x + 5 

2x 2 -3 
- 12x 2 + 12x-15 
8x 4 -8x 3 + 10x 2 

8x 4 -8x 3 -2x 2 +12x-15 


Problems: 

Perform the indicated operations. 

h (5x 6 - 14x* 4 27x) 4 (4x* + x 5 4 3x 4 4 9) 

2, (2x' - lOx + lx - 4) + (5x ’ + 3x 2 - I9x - 10) 

X (2x 4 + lx -14)- (5x 3 -13x -15) 

4* (2x 5 4 x 3 - 8x) - (-2x 5 - 9x 3 4 7x) 

5, 7x(4x 6 - r 4 3x 4 - 5) 

6, (5x" -4x)(x+l) 

7, (3x 4 - 7x : )(2x 3 4 5x) 

8* (x 4 -x 2 +3)(4x' + 2x~ 45) 

9. (2x : -x-15)-§-(x-3) 

10. (5x + 3x — 1 j x (x+2) 
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Rational Expressions, Part 1 

Lesson 28 



Topics in This Lesson: 

• Rational expressions 

• Simplifying rational expressions 

• Adding and subtracting rational expressions 

• Finding common denominators for rational expressions 


Summary: 

To simplify a rational expression, look for like terms in the numerator and denominator and cancel them. Get 
the numerator and denominator separated into factors. This will allow you to see what can be cancelled. When 
you have finished simplifying, there is no need to multiply the factors together again. 

When you want to add or subtract rational expressions, you have to get “common denominators" before the 
adding or subtracting can be done (as when you add or subtract numerical fractions). When you add, the 
denominator stays the same, and terms in the numerators are combined. When you subtract, the denominator 
stays the same, you change all the signs of the terms in the second expression’s numerator, and then combine 
the terms in both numerators. Once you have finished adding or subtracting, look for terms in the numerator and 
denominator that can be cancelled to simplify your answer. 

To get a common denominator, either multiply the entire rational expression by a fraction made by putting the 
denominator of the other expression over itself—for example, (x + 4)(x + 4)—or by finding the least common 
denominator by listing factors of the two denominators and multiplying those common factors together. 


Definitions and Formulas: 

Rational expression—a “ratio" of two polynomials; one polynomial divided by another polynomial 


Examples from the Lesson: 

Simplify (5x- 10)/(x 2_ 4). 

First we need to factor both top and bottom of this rational expression. The numerator factors as 5(x - 2). The 
denominator is a difference of two squares and factors as (x - 2)(x + 2). 

Therefore, our rational expression is the same as 5(x - 2) / ((x - 2)(x + 2)). The two (x - 2) will cancel, leaving 
us with 5/(x + 2) as our final answer. 


Additional Examples: 

.. r 4x + 8 —x +1 

Simplify —-- 

2x“ -4x-6 x-3 

The first tiling we need to do is get a common denominator. Factor the first denominator. 

2x 2 4x - 6 
(2x + 2)(x - 3) 
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We see that the x - 3 term is in common, so we just need to multiply the second fraction by (2x + 2) / (2x + 2) 
(which is just 1). 

-x + 1 ,/ 2x + 2 > 
x — 3 \2x + '2) 

-2jt + 2 
~~ (x-3)(2x+2) 

Now we can subtract. Don't forget to change all the signs of the second numerator before you combine 
like terms! 


4x-8 -2x + 2 

2x 3 -4x-6 (x- 3)(2x + 2) 

4x-8 +2x-2 

(x - 3)(2x+2) (x - 3)(2x+2) 

6x-6 

(x-3)(2x + 2) 

Are we done? Let's check for things we can cancel to further simplify the expression. 

6x - 6 will reduce. We can pull a 6 out of it to get 6(x - If But that does not cancel w ith anything in the 
denominator. If we pull a 3 out of die numerator, w e get 3(2x - 2). This still will not cancel as we w ould have 
2x — 2 in die numerator and 2x + 2 in die denominator. 

So our final answer is 


6x—6 


h 


(x-3)(2x + 2) 




Common Errors: 

* You can only factor terms if die whole term is a factor, not just part of die term. For example, if the 
rational expression were (3x i 5x)/3x, you could not just cancel the 3x and be left with 1 + 5x. 

* When you cancel a term, what is left in its place is a I. Do not diink that cancelling leaves you widi 0. 

* Only die signs in the numerator change when subtracting rational expressions. Hie signs in the 
denominator (and the denominator itself) remain die same. 

Study Tips: 

* If you do not know 7 how 7 to find a least common factor, you can always just multiply the two 
denominators together. This means that you will have to do more work in simplifying and cancelling 
than you would if you had found the least common denominator, but it works just as well. 
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Problems: 

Simplify the following. 


] x(*+ !)(*-3)0-4) 

0+1)0 + 2)(x + 3) 

„ 5* + 20 

2 . - 

3x + 12 

, 6x-18 

x 2 -9 

^ x 1 + 8x - 20 
x 2 -9r+14 

x +6r 

5 . - 

3x 

x 2 

6 . - 

x + 4x 


6x 2 

3x 2 

4x +1 

4x Hh 1 

3r-7 

2x + 4 

5x-2 

5x-2 

3x 

5x 


% - + - 

x +1 x - 2 

10 , —— 4 -—— 
x —1 2x-l 
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Rational Expressions, Part 2 

Lesson 29 



h 


Topics in This Lesson: 

• Multiplication of rational expressions 

• Division of rational expressions 

Summary: 

When multiplying rational expressions, you multiply the numerators together and then the denominators. Before 
you begin your multiplication, look for factors that cancel. After you have finished multiplying, look again for 
factors that will cancel. 

To divide rational expressions, flip the second expression and multiply. After the flip, factor the terms and look 
for things that will cancel. After the multiplication, continue to look for ways to simplify the expression. You do 
not need to multiply out the factors. 

Examples from the Lesson: 



Multiply 


OK, how do we handle multiplying a rational expression by a polynomial? Just write the polynomial as a 
rational expression by giving it a denominator of 1. Then we have 

(3x + 7) ^ (x" +7x + 10) 

^ (5x +10) j 1 

Then we can multiple the numerators and denominators. But before doing so, let’s see if there is any 
cancellation that we can do. So let’s factor. 

( (3x+ 7) W +7x + 10) 

^(5x+10) J I 

_ ^ (3x+7)Vx + 5)(x+2) 

v 5(x + 2) J 1 

(3x + 7)(x + 5) 

~ 5 

Remember: Those 5s cannot cancel! So our final answer is 
(3x + 7)(x + 5) / 5 


h 
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Additional Examples: 


Divide 


2x" -Sr-10 
3x-3 


2x+2 


x~ +5r-6 


When we divide fractions, we flip the second fraction and multiply. This is true for rational expressions as well. 


2x 2 -8x-10 2x+2 

* 

3r-3 x 2 +5r-6 

lx 2 - Sx -10 x 2 + 5x - 6 

-x- 

3x-3 2x + 2 


Now we can factor and look for terms that cancel. 
2x 3 - Sx -10 x 2 + 5x - 6 

-X- 

3x - 3 2r + 2 

_ (2r-2)(x-5) (r-1 )(x + 6) 

3(x-l) X (2x + 2) 

_ x-5 x+ 6 
3 X 1 
(r-5)(x + 6) 


Common Errors: 

* When you multiply variables with powers, add the exponents. 

* Do not forget that w hen you divide rational expressions, you must flip the second term and 
then multiply. 

* You cannot cancel a term unless it is being multiplied. For example, you could not cancel the 6 in 
x + 6, but you could cancel the 6 in 6x. 


Study Tips: 

• Whenever possible, you should always leave an answer in factored form. 

• Sometimes factoring an expression will yield a term to cancel. Sometimes you should not factor it out 
the whole way. For example, 3x + 3 might be a factor. If you have factored it to 3(x + 1) in the other 
rational expression, you might miss tine cancellation. Be careful! 

Problems: 


Simplify’ the following. 

l^r 5 
25 2 lx 6 

4x +1 3x + 6 
20x + 40 I6x 2 -1 

x 2 - 4 x 2 -x-6 

3 * —---;- 

x + 4x+4 x — 9 
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4* 


5x + 2 
Ox+4 


*{9x 2 -4) 


x 2 -9x+18 2 

10x-30 x 2 - 36 

x 2 + x - 20 1 

_ » _ 

2x-10 ' x 2 -25 

jt+5x-24 jr+16jir+64 
* 

* '' 

x - 3 x - 4 


8 . 


9, 


x 2 +9x + 20 
x -1 


(x + 5) 


3x 2 -x-2 
9x 2 -T 

2x- 5 


3x- 2 


r + 2 x-2 

- + - 

|Q X — 1 X+l 

x+3 x-3 

- + - 

*-i x+i 
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Graphing Rational Functions, Part 1 

Lesson 30 



Topics in This Lesson: 

• x-intercepts of graphs of rational functions 

• Vertical asymptotes 

• Horizontal asymptotes 


Summary: 

The graphs of rational functions look different than the other graphs we have studied in this course. In order to 
graph them, the first thing you should do is find the x-intercepts. First simplify the expression by cancelling like 
terms on the top and bottom. Next set the rational function equal to 0. Get rid of the denominator. When you 
multiply both sides of the equation by the denominator, the zero side still stays 0. So you really just have to set 
the numerator equal to 0 and solve. 

After you have cancelled all the like terms in your expression, there may be some number or numbers 
that make the expression undefined. The numbers that you plug in to make the denominator 0 indicate the 
vertical asymptote(s). 

The horizontal asymptote is found by considering the dominant term in both the numerator and denominator 
and studying their ratio. If the exponents of both variables are the same, then the horizontal asymptote is the 
ratio of the two leading coefficients. If the denominator has a larger exponent, then the horizontal asymptote is 
0. If the denominator’s exponent is smaller, then there is no horizontal asymptote. 


Definitions and Formulas: 

Vertical asymptotes —if x = c is a vertical asymptote of the graph of a function, then as the values of x get 
really close to c, the values of the function grow “huge” (either going to +infinity or -infinity). In other words, 
the vertical asymptote is the line near which the graph makes a sharp turn. It is not actually on the graph. 

To find a vertical asymptote, look for those values of x where the denominator equals 0 after cancelling out 
anything that can be cancelled in the original expression. 

Horizontal asymptotes —horizontal asymptotes for graphs of functions act like “borders” or “guides” for the 
graphs when the x-values are large, in either a positive or negative direction 

To find a horizontal asymptote, look at the dominant terms of the equation. If the exponents of the variables are 
the same, then the horizontal asymptote is the ratio of the two leading coefficients. If the exponent in the 
numerator is larger than the exponent of the denominator, then there is no horizontal asymptote. If the exponent 
in the numerator is smaller than the one in the denominator, the horizontal asymptote isv = 0. 

Dominant term —the term in a polynomial that has the highest degree 


Examples from the Lesson: 

Find the x-intercept(s) of 

y = (x - 5)(x + 3) / ((x - 5)(x + 7)) 

First see if there are any cancellations. The x - 5 factors must be cancelled first before we do anything else. 
Also, we need to remember that we cannot plug in x = 5 in this equation because the equation is undefined at 
x = 5. We could also say it this way: the number 5 is not in the domain of the original function because plugging 
in 5 in the original function would cause division by 0. 
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So in the graph, there will be an open circle at x = 5. This is a small but veiy important point to make. 

We can now rewrite the equation as v = (x + 3) / (x + 7). From here we set the numerator equal to 0 to find 
the ^-intercepts* 

* + 3 = 0 

x = -3 

So there is just one x-intercept, x = -3* Here s a quick sketch of the graph to confirm this. 



Additional Examples; 

Find the horizontal and vertical asymptotes of 

3x 2 -12 
x 2 + 6x + S 

First let's trv to factor and cancel any terms. 

mf <wfi 

3x 2 - 12 
x 2 + 6x + 8 
3(x : -4) 

(x + 2)(x + 4) 

_ 3(x + 2)(x-2) 

(x + 2)(x+4) 

3(x-2) 
x+4 
_ 3x-6 
x + 4 
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Now, let's find the vertical asymptote. This would be the number we would plug in that makes our equation 
equal to 0, and therefore undefined. 

3 x—6 
x + 4 

If we substituted —4 forx, we would have a 0 in the denominator. Therefore, x = -4 is the vertical asymptote. 
The horizontal asymptote is found by making a ratio of the dominant terms, which are 3x and x. 

3x 

x 

Since the exponents of the variables are the same, we know the horizontal asymptote is a ratio of the 
coefficients: 3, 1. Therefore, the horizontal asymptote is y = 3/1 ory = 3. 

Common Errors: 

* If you do not cancel all the like terms in the expression, then your calculations for horizontal and 
vertical asymptotes may be incorrect. 


Problems: 

Find the x-intercept(s) of the graph of each of the following. 

(x + l)(x - l)(x + 2)(x + 5) 2 
x(x+4)(x-3) 

x 2 -12x+35 

x 2 -4 

5 

?-9 

(x-2)(x + 7) 

(x-2)(x + 5) 

Find the vertical asymptotes of each of the following. 

_ _ (x + l)(x - l)(x + 2)(x+ 5) 2 

y —- 

x(x+4)(x-3) 

x'-12x+35 

6 * y= —— 

x -4 

7 (x-2)(x + 7) 

L (x-2)(x + 5) 


I* y = 

2, y = 

3, y = 

4, y = 


Find the horizontal asymptote (if any) for the graph of each of the following. 


8, v = 


9. v = 


10* v = 


5x 2 -12x + 35 
3x 2 - 4 

5x 2 -17x + 5 
2x 3 -41 

x 6 + 7x* +15 
x 5 -41 
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Lesson 31: Graphing Rational Functions, Part 2 


Graphing Rational Functions, Part 2 

Lesson 31 



Topics in This Lesson: 

• Graphing rational functions 


Summary: 

In the last lesson, we learned how to findx- and ^-intercepts and horizontal and vertical asymptotes of rational 
functions. Once we have this information, we can find more points on the graphs by plugging numbers into the 
formula to find ordered pairs. After we have all the data, we can plot the points. 

The graphs of rational functions will not be straight lines, nor will they be continuous lines. 


Examples from the Lesson: 

Sketch the graph of y= (:x 2 - 1) / (x 2 - 4). 

After factoring, we have y = (: x - l)(x + 1) / ((x - 2)(x + 2)). No cancellations. Let’s start getting the information 
we need to graph the function. 

x-intercepts: 

numerator = 0 

(x - l)(x + 1) = 0 

x - 1 = 0 orx+1=0 

x = 1 or x = -1 

(1, 0) and (-1, 0) are the x-intercepts. 
y-intercept: 

7 = (0 2 - 1) / (0 2 - 4) = -1 / -4 = 1/4 

(0, 1/4) is the y-intercept (fairly close to the origin, but just above it), 
vertical asymptotes: 

(x - 2)(x + 2) = 0 
x - 2 = 0 or x + 2 = 0 


x = 2 or x = -2 

The vertical asymptotes are x = 2 and x = -2. 

What happens on either side of each of these vertical asymptotes? 

First, near x = 2, on the right-hand side, we can plug in a number very close to 2, like 2.0001. When we plug 
this back into the formula and simplify, we get a large, positive number, so the graph will take a sharp turn 
upward to the right of the vertical line x = 2. If you take a number like 1.999 and plug it in, the graph will take a 
sharp downward turn to the left of the vertical line x = 2, as the value is negative. 

Next, near x = -2, we can do the same calculations, except with -2.001 and -1.999. The graph will take a sharp 
turn downward on the right-hand side (-1.999), and it takes a sharp turn upward on the left-hand side (-2.001) 
of the vertical line x = -2. 
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horizontal asymptote: 

y = :x 2 /x 2 = 1 

The horizontal asymptote isy - 1. 

Draw all these pieces in* Now let’s plot a few more points. 


X 

~6 

-5 

-4 

-3 

3 

4 

5 

6 

y 

35/32 

8/7 

5/4 

8/5 

8/5 

5/4 

8/7 

35/32 


With everything we know, we have 



How would you have found that ''upside-dow n IT portion of the graph between the two vertical asymptotes? 
You might have to get more data by plotting more points. Maybe determine the y-values at x = -1,5 S x = -1 ? 
x = 0, x = 1, and x = 1,5 and then connect the dots. Remember—that is all graphing really is: plotting lots of 
points and connecting the dots! 


Additional Examples: 

r i 4x + 5 

Graph y = - -- 

2x-l 

Let’s go through the steps to find all the information we need to graph. 
To find the x- intercepts, we set the numerator equal to 0 and solve for x. 
4x + 5 = 0 
4y = -5 
x = -5/4 


Our x- intercept is 



\ 

+ 

J 
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Lesson 31: Graphing Rational Functions, Part 2 


The y -intercept is found by substituting 0 for x and simplify ing. 

Ax +5 

v =- 

+ 2x-l 

4(0)+ 5 

2 ( 0 ) -1 

_ 5 

• V- ^I 

v = -5 

So our y-intercept is (0, -5). 

The vertical asymptote is found by seeing what makes the denominator equal to 0. 
2 * - 1=0 
2x - 1 
x = 1/2 


The horizontal asymptote is found by making a ratio of the dominant terms (if the exponents of the variables are 
the same, which they are in our example). 

y = 4/2 

y = 2 


Now we have all tlie information we need to start to graph. However, to make our graphing easier, we should 
find a few more points so we can " connect the dots;’ 


X 

i 

2 

3 

-1 

-2 

y 

9 

13/3 

17/5 

-1/3 

3/5 


Now; we can graph the function. 
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Common Errors: 

• Do not confuse the horizontal and vertical asymptotes as well as the x-intercept and the ^-intercept. 
Study Tips: 

• Make sine that you have plenty of graph paper. A spiral notebook of graph paper is convenient for all 
algebra work. 

For Review: 

• To rev iew the tools of graphing rational functions, go to Lesson Thirty. 

• It helps to make a checklist of all the data you need for graphing the functions to make sure you did not 
miss anything. 

x-intercepts 

y-intercept 

vertical asymptotes 

horizontal asymptotes 

additional data points if needed 


Problems: 

Sketch the graph of each of the following. 


1, v = 


x-2 


2. v = 


—j 


x + 6 


3, y = 


4x + 8 
x-4 


6x + 4 

4 * y =-- 

L 3x - 2 


5, v = 


x 


(x-l)(x-5) 


6, v = 


x 


(x-l)(x-5) 


7, V = 


x 


x-j 


8* V = 


4x 2 +1 

X -1 


9, y = 


x-5 
x 2 -25 


10. v = 


x 2 -16 
x+4 
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Lesson 32: Radical Expressions 


Radical Expressions 

Lesson 32 


Topics in This Lesson: 

• Radical expressions 

• Simplifying radical expressions 

• Addition and subtraction of radical expressions 
Summary: 

Radical expressions have a square root symbol in them. In order to simplify a radical (or square root), break the 
number imder the radical symbol into its factors and try to find a number that is a square among the factors. 
Factor this number out, and you will be left with a whole number and another number under the radical symbol. 

Definitions and Formulas: 

Radical expression—an expression with a radical (square root) symbol in it 

Examples from the Lesson: 

Simplify >/98x" Vl 8x“’ . 

OK, let’s start by simplifying each piece separately as much as we can. Then we will see if there are any other 
y things we can do to simplify further. 

Start with V98r . 

>/98x 5 = 2-49-x 4 -x 
So 

V98x 5 

= yf2 - V 49 -Vx 4 -yfx 
= IxJTx 

Next let's look at Vl8x 3 . 

Vl8x 3 = 2-9-x 2 - x 
So 

Vl8x 3 

= V2-V9-Vx I -Vx 

= 3xV2x 
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Now we can take these two simplified versions of the terms and multiply them together. 


V98x 5 -Vl&r 

= lx 2 -Jlx • 3x^flx 

= 21x s -j4xF 
= 2lx'(2x) 

= 42x 4 

Additional Examples: 

Expand 

(3>/n+2VTT)( V 13 - 4,/nj 

We can FOIL this expression. 

(3-Jn +2 *Jn )(>Jn - 4^/TT) 

= 3 (Vb ) 2 - 12 V n-Ju+2 'Jn'Jn - 8(Vn) 2 

= 3(13) - loVTTVTs -8(11) 

= 39-loVl43-88 
= -49-loVl43 

We know that 143 is the product of two prime numbers, 11 and 13, so we cannot further reduce V143 , 
Our final answer is -49—lO-v/143 . 


Common Errors: 

* Be sure to simplify your radicals as much as you can. Look for squares within a larger radical that can 
be factored out. 


Study Tips: 

* If you do not have your basic math facts memorized well use flashcards or a computer drill program 

so that they come to mind instantly without your having to stop and think about them. 


Problems: 

Simplify the following. 


I. 


% 


X 

X 


Vf50 
■J 72 7 

y[50? yfwO? 



5. 


■J 2 &? 
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6. 6-n/To + 7s/40 

7. 2V5 - 3s/40 + 7V45 

8. 2s/7(4s/7-5) 

9. (s/2-V5)(s/3+s/5) 

10. (s/i3-s/7)(s/l3+s/7) 


108 



Solving Radical Equations 

Lesson 33 



Topics in This Lesson: 

• Solving radical equations 

Summary: 

Radical equations are simply equations with a square root, or radical, in them. To solve radical equations, get 
the radical by itself on one side of the equation. Then square both sides of the equation and proceed to solve for 
v We check our answers by plugging them back into the original equation. If there are two radical symbols that 
cannot be combined, put one on each side of the equation and then square both sides of the equation. 

Our solution cannot cause the radical to be a negative number, as we cannot take the square root of a 
negative number. 

Definitions and Formulas: 

Radical equations—equations that contain radical expressions 

Extraneous solution—a number that appears to be a solution of a radical equation but is not 
Fact: Whenever x > 0, (Vx) = x. This is not true when x < 0. 

Examples from the Lesson: 

Solve 3x = 2x + ^/(4x + 5) 

Begin by isolating the radical symbol by subtracting 2x from both sides of the equation. That will give us 
3x - 2x = yj( 4x + 5) 

x = yj( 4x + 5) 

Now what do we do? Square both sides of the equation! That is going to give us 
x 2 = 4x + 5 

Now we are just looking at a quadratic equation, and we know how to solve that. So let’s move forward with 
the example. 

x 2 = 4x + 5 

x 2 ~ 4x - 5 = 0 

(x - 5)(x + 1) = 0 

x - 5 = 0 or x + 1 = 0 

x = 5 orx = -1 
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Lesson 33: Solving Radical Equations 


So our solutions appear to bex = 5 andx = -1. But we must check to see if both of these aie really solutions. 


3x = 2x + yj(Ax + 5) 

3(5) = 2(5)+V(4(5)+5) 
15 = 10 + V25 


15 =10 + 5 
15= 15 

Check. So x = 5 is really a solution. Now let's check x - — 1. 
3x - 2x + ^(4x + 5) 

3(-l) = 2(-l)+ V(4(-l)+5) 

-3 = -2 + V(-4 + 5) 

-3 = -2 + Vl 
3=2 + 1 
—3 = -1 


Not true! What does this mean? It means that x = -1 is not really a solution. In such cases, we refer to x = -1 as 
an “extraneous solution.” It’s like an “imposter” solution, but, bottom line, it is no solution at all. So we throw 
out x = -1 as a solution and only keep x = 5. The original equation just has that one solution, x = 5. 


Additional Examples: 

Solve a/3x 3 +2x = V 2x : -4x + 7 . 

Tlte first tiling to do is to get rid of the radicals. One easy way is to square both sides of the equation. When we 
do, we get 

3x 2 +2x = 2x~ — Ax + 7 

Now r w e just need to combine like terms and solve for x. 

3x 2 +2x = lx 2 - Ax +7 
0 = x 2 +6x-l 
0 = (x + ?)(x-l) 

So x = -7 orx= L 


no 










Now we must check the solutions to see if either one is an extraneous solution. 


V 3x 2 +2x = V 2x 2 -4x + 7 

>/3(-7) 2 +2(-7) =V2(-7) 2 -4(-7) + 7 
V3(49)-14 = ^2(49)+28+7 

Vl33 =Vl33 


V3x 2 +2x=V2x J -4x + 7 
V3(l) 2 +2(l)=V2(l) i -4(l) + 7 
V3 + 2 =V2-4 + 7 
V5=^ 

Both answ ers are solutions of the equation. 

Common Errors: 

• You must check the solutions you find to a radical equation. Some of them might be 
extraneous solutions. 

Study lips: 

• When in doubt how to solve, square both sides of the equation. 

• Look for factoring patterns. Can you factor out a number? 

Problems: 

Solve the following equations. 

1. W —1 = 4 

2. ^3 = 8 

3. y/x+1 = -2 

4. V7V-1 = ^5x + S 

5. V9jt + 10 = Vl-3x 

6. -j6x + 7 = x 

7. V6x+2 = 14 

8. V3x+ 14 = 5 

9. >/2x 2 -9x+20=x 

10. %/2.t +5.V-24 = t 


ill 


























Lesson 34: Graphing Radical Functions 


Graphing Radical Functions 

Lesson 34 



Topics in This Lesson: 

• Graphing radical functions 


Summary: 

When you begin to graph radical functions, the first thing to consider is the domain. The amount under the 
radical symbol cannot be negative. Make a table or list of values by plugging in numbers for x. This will give 
you the ordered pairs for points on the graph. You may plug in any numbers you wish, as long as they are in the 
domain of the function. After you have plotted your points, connect the dots to make your graph. 

Many of the graphs mostly will look like the graph of a/x but will have different starting points. If you replace 
the variable x in a function by the expression x + a (where a is some positive number), then you shift the graph 
of the function over to the left by exactly a number of units. If you replace the variable x in a function by the 
expression x - a (where a is some positive number), then you shift the graph of the function over to the right by 
exactly a units. When you add a positive constant b to a function (and not just to the variable x), then you shift 
the graph of the function up by exactly b units. 


Examples from the Lesson: 

Sketch the graph of fix) = a/x + 4. 

To start, notice that “+ 4” is completely outside the square root symbol. What is the domain of fix)? Well, the 
part under the square root symbol needs to be greater than or equal to 0. So we need x > 0. (Notice that the 4 
does not have anything to do with the domain. The presence of that 4 is not going to hinder us from plugging in 
any particular value of x. ) 

OK, let’s plug in some numbers for x and see what we get. 


,A0) = 

a/o +4 — 

0+4 = 4 

,AD = 

a/I +4 = 

1+4 = 5 

,A4) = 

a/4 +4 = 

2+4 = 6 

A 9) = 

a/9 +4 — 

3+4 = 7 

AU6) = 

= Vl6+4 

= 4+4 = 


So now we know five points on my graph: (0, 4), (1, 5), (4, 6), (9, 7), and (16, 8). Draw those points on a piece 
of graph paper and connect the dots. What do you see? Well, you should see the same graph as the graph of 

a/x but something is different. The graph has been shifted up by four units, so that instead of starting at the 

origin (like the graph of Vx ) does, this graph “starts” at (0, 4). 
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Additional Examples; 

Graph fix) = Vv + 3 . 

One way to start is to draw the graph of *Jx that starts at (0, 0) and then shift the graph to die left three units, so 
we are starting at (—3,0). 

If you did not know this fact, you could plug in values for x and solve to find po ints on the graph. Let s choose 
values that will make it easy to take the square root. 

fi- 3)= J-3 + 3 =yfo = 0 

fil)= VT+3=^ = 2 

fi6) - -s/6+3 = & = 3 

/13) = V13+3 = Vl6 = 4 
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So our points are (-3, 0), (1, 2), (6,3), and (13,4). 



Common Errors: 

• Many of these graphs have the same shape. If your graph does not, check your calculations. 

• Do not plug in a value for x that is not in the domain of your function. Any value that would make the 
amount under the radical negative is not a part of the domain 

Study Tips: 

• Graph paper and a calculator to find square roots will be helpful for this lesson. 

Problems: 

Sketch the graphs of the following. 

1. /GO = ^2 

2. f(x) = V7T3 

3 . f(x) = >fx + 7 

4. /(*) = Vx+5 
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5* f{x) = *Jx + 7 

6, /(x) = Vx-6 

7. / (x) = Vx - 3 + 4 

?i. /(x) =*Jx-5 -1 

9, /(.v) = Vr+4-6 

10, /(x) = 2^ 
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Sequences and Pattern Recognition, Part 1 

Lesson 35 



Topics in This Lesson: 

• Sequences 

• Geometric sequences 

• Arithmetic sequences 


Summary: 

A sequence is an ordered list of numbers. Some sequences have a definite end, and they are called finite. Many 
sequences go on forever and are infinite. An infinite sequence is represented by an ellipsis (...) at the end of the 
last number shown. 

The pattern of a sequence can be determined by a function. If we have a sequence, we can figure out the next 
term by using the function. Sometimes the function is simple, like x + 2, but sometimes it is complex. 

If the pattern requires you to multiply to find the next number in the sequence, it is a geometric sequence. If you 
add to find the next number, it is an arithmetic sequence. The common difference is the amount you add to the 
previous term to get the new term of an arithmetic sequence. 


Definitions and Formulas: 

Sequence —a function whose domain is the set of natural numbers (or positive integers); an ordered list of 
y numbers which can be finite or infinite : 

Term —each number in a sequence 

Geometric sequence —a sequence that is built term by term by multiplying the same number each time 

Arithmetic sequence —a sequence that is built term by term by adding the same number each time 

Common difference —in an arithmetic sequence, the amount by which you add each time you build a new term 
in the sequence 


Examples from the Lesson: 

Give a formula for the /7 th term in 3, 9, 27, 81,243, ... 

If the pattern is not immediately obvious to you, here is one question you might ask: Is it “clear” how to get 
from one term to the next? It appears that each term is constmcted from the previous by multiplying by 3: 

9 = 3x3 

27 = 9 x 3 

81 = 27 x 3 

243 = 81 x 3 

This gives us a hint that a formula for the n h term might be related to a power of 3. So let’s try fin) = 3 n . 
Check our work. 

7(1) = 3 1 = 3 Check. 

/(2) = 3 2 = 9 Check. 

/(3) = 3 3 = 27 Check. Done! 


116 







Additional Examples: 

Find a formula for (lie /?' term of 9, 15, 21. 27. 33. 39, ... 

Notice first that this is an arithmetic sequence with first value 9 and common difference 6. Our formula should 
be fin) = 60? - 1)+ 9 where n is the number of the term. Let’s check. 

/(I) = 6(;? - l)+9 = 6(l-l) + 9 = 0 + 9 = 9 That’s tlie first term* 

/(2) = 6(n - l)+9 = 6(2-l) + 9 = 6 + 9=15 Tlial s the second term. 

J{6) = 6{u - 1)+ 9 = 6(6 - 1) + 9 = 30 + 9 = 39 That’s the sixth term. 

So it looks as if this is our function. 


Common Errors: 

* You need to make sure that you check several terms in the series to confirm that the formula you wrote 
is correct. Although a formula might work for one or two numbers in the sequence, it might not work 
for all of them 


Problems: 

Find the next term in each of the following sequences. 

h 1,4,7, 10,13, 16, 19,22, ... 

2* 1,3,9,27,81,243,... 

, ,357 

J-H| +. J^-K +. 4! ■*+. + i + 

2 2 2 

4. 100,50, 25, 12.5,6.25,3.125, ... 

Find a formula for the « l3j term of each sequence. 

5. 1,4,16,64,256,... 

6. 2,-6,18,-54.162,... 

7. 100,20.4.-.—. ... 

5 25 

8. 4,12,20,28,36,44,52,60,... 

9. 11,9,7,5,3, 1,-1,-3,-5, ... 

10. 23,32,41,50,59,68,77.86.... 
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Sequences and Pattern Recognition, Part 2 

Lesson 36 



Topics in This Lesson: 

• Finding formulas for sequences 

• Finding patterns in sequences 

• Building sequences 


Summary: 

A sequence that is built by adding a certain value to the previous term is called an arithmetic sequence. First 
difference is another name for common difference, which is the amount added to the previous term to get the 
next term in the sequence. When these first differences are always the same, it means you have an arithmetic 
sequence and the formula for the n h term will be a linear one. In other words, the formula will be a polynomial 
in the variable n with degree 1 (x 1 ). 

The second differences are the differences of the first differences. In other words, the amount being added to the 
terms in a sequence changes. However, the differences between these changes are constant. Those are the 
second differences. If the second differences are the same, it tells us that the formula for the /7 th term is a 
quadratic polynomial (degree 2 polynomial, x 2 ) in the variable n. 

You can often find the formula for the sequence first by determining which degree the difference is (degree 1, 2, 
3, etc.). The highest power in the formula will correspond to the degree of the difference. For example, a 
: sequence with a third difference will need the formula /(/ 7 ) = an 3 + bn 2 + cn + d for some numbers a, b,c, and d. 

You set up a system of equations and solve it to determine the function for the sequence. 


Definitions and Formulas: 

First difference —another term for the common difference in an arithmetic sequence; the amount added to the 
previous term in a sequence to get the next term 

Second difference —the difference of the first differences 

If you have a sequence whose second differences are all the same, then a formula for the /? th term is a quadratic 
(degree 2) polynomial in the variable n. 

If you have a sequence whose third differences are all the same, then a formula for the /? th term is a cubic 
(degree 3) polynomial in the variable /?. 

If you have a sequence whose fourth differences are all the same, then a formula for the ;? th term is a degree 4 
polynomial in the variable n. 


Examples from the Lesson: 

Find a formula for the /?"' term of the sequence 3,6, 11, 18, 27, 38, 51, 66, ... 

This sequence is definitely not a geometric sequence and it is also not an arithmetic sequence (it does not have a 
common difference). Let’s look at the first differences. 

3 6 11 18 27 38 51 66 
V V V V V V V 
3 57 9 11 13 15 

Clearly, we do not have an arithmetic sequence because the first differences are not all the same. 
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But don't give up! Keep going. Compute the second differences, which are the differences of the 
first differences. 

3 6 11 18 27 38 51 66 
V V V V V V V 
3 5 7 9 11 13 15 
V V V V V V 
2 2 2 2 2 2 

The second differences are the same, Wliat does that tell us? It tells us that the formula for the /? L: term is a 
quadratic polynomial (degree 2 polynomial) in the variable n. 

It means that fin) = art + bn + c for some numbers a, b, and c. 

How do we figure out a t A and c in this example? We use our knowledge of solving systems of linear equations 
that we learned several lessons ago Here's how. 

We know/1) = 3 and /(l) = a(l) 2 + b(\) + c. So we know 3 =^1) = a + b + c. 

That gives us an equation; a + b + c = 3. 

Next we know 6 =/(2) = a(2) 2 + b( 2) + c or 4a + 2b + c = 6. 

Last, 11 = /(3) = a( 3) 2 + b( 3) + c or 9 a + 4b + c= 11. 

So we need to solve tliis system. 
a+ b + c= 3 
4a + 26 + c = 6 
9a + + c = 11 

But how do we solve such a system—it has three equations, not just two, and it also has three unknown 
variables, not just two. No problem—it just takes a little more work, but not much. 

Subtracting the first equation from the second gives us a new equation. 

3a + b = 3 

Notice that I have eliminated the variable c. (Remember solving systems of equations by elimination?) 

So we know 3a + b = 3 or b - -3a + 3. 

But I could have also subtracted the second equation from the third equation in the original system of equations. 
That w ould have given us 5a + 2b = 5, Again, that is an equation with c missing. 

I can now substitute -3a + 3 in for b in this new equation, 

5a + 2d = 5 

5a + 2 (-3 a + 3) = 5 

5a — 6a + 6 = 5 

-a+ 6 = 5 

-a = -1 

a = 1 

I have the first coefficient in my formula. (Remember; My formula is/(a) = an 2 + bn + c. We just found that the 
value of a is 1.) 
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But if a = 1 and b = -3 a + 3, then we can find b bv substitution. 

mf 

b = —3a + 3 


b = -3(1) + 3 
b = -3 + 3 


A = 0 

I have the second coefficient in my formula. Now I know that my formula is/ a) = 1 On + c or J{n) = rr + c. 

Now I can calculate c. 

Remember that one of my original equations was a + b + c = 3. 

Since a = 1 and b = 0,1 know 

1 + 0 + c = 3 or 1 + c= 3orc = 2 
We now know every tiling we need. 

/{>) = an" + />/? + c 

a = 1 ,b = 0, c = 2 

So my formula is J(n) - hr + On + 2 or/ra) - n 2 + 2. 

Let’s check. 

Jin) - rr + 2 
/1) = 1 - + 2 = 3 
/(2) = 2 2 + 2 = 4 + 2 = 6 
y(3) = 3 2 + 2 = 9 + 2= 11 
/ 4 ) = 4 2 + 2 = 16 + 2 = 18 
/( 5 ) = 5 2 + 2 = 25 + 2 = 27 

Yes, we have the right formula. What 's so great about that ? We did not have to guess the formula; we 
constructed it from scratch, and from the following general principles: 

If you have a sequence whose second differences are all the same, then a formula for the n " term is a quadratic 
(degree 2) polynomial in the variable n. 

If you have a sequence whose third differences are all the same, then a formula for the n' u term is a cubic 
(degree 3) polynomial in the variable n. 

If you have a sequence whose fourth differences are all the same, then a formula for the n " term is a degree 4 
polynomial in the variable n , and so on. 

Additional Examples; 

Find a formula for the n L ' term of the sequence 4,17, 38. 67, 104, 149, ... 

Since a pattern is not immediately clear, let ’s look at the first differences. 

4 17 38 67 104 149 
V V V V V 

13 21 29 37 45 
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This is not an arithmetic sequence because the first differences are not all the same. So next we compute the 

second differences. 

4 17 38 67 104 149 
V V V V V 

13 21 29 37 45 
V V V V 
8 8 8 8 

The second differences are the same. This tells us that the formula for die // th term is a quadratic polynomial 

(degree 2 polynomial) in the variable n. which means that /Of) = cm " + Im + c for some numbers a b* and c. 

We use our knowledge of solving systems of linear equations to figure out a, /y and c. 

We know/(l) = 4 and J{ 1) = a(iy + *(!) + So we know 4 = /[l) = a + b + c. 

That gives us an equation: a + b + c = 4., 

Next we know 17 =/(2) = a( 2)" + b( 2) + c or 4a + 2b + c = 17. 

Also, 38 =/(3) = a(3)~ + ^(3) + c or 9 a + 4 b + c - 38. 

So we have this system. 
a + h + c = 4 
4a + 2h + c= 17 
9 a ■ 4b + c — 38 

Subtracting the first equation from the second gives the equation 
3 a + b = 13 

This eliminated the variable c. 

So we know 3 a + b = 13 or b = ~3a +13. 

Next subtract the second equation from the third equation in the original system of equations. That gives 

5a + 6 = 21. Again, that is an equation with c missing. 

I can now substitute -3a + 13 for b in this new equation. 

5a + b = 21 
5a + (-3 a + 13) = 21 
5a - 3a + 13 = 21 
2a+\3- 21 
2a = 8 
a - 4 

We now r have the first coefficient in our formula, Jin) = arr + bn + c . We just found that the value of a is 4. 

If a = 4 and b = -3a + 13, then we can find b by substitution 
b = ~3a + 13 
b = —3(4) + 13 
* = -12 + 13 
b= 1 
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Lesson 36: Sequences and Pattern Recognition, Part 2 




The second coefficient in our formula is h =4. Now we know that our formula is/(/■?) = 4/r + 1 n + c. 

Now we can calculate c: 

Remember that one of the original equations was that a + b + c = 4. 

Since a = 4 and h- 1, we know 

4+l+c = 4or5 + c = 4orc = -l 
This means 

•rt 

fin) = an + bn \ c 
with a = 4, b = 1, c - -1 

So the formula is f(n) = 4/r + 1/? - 1 or/(/?) = 4n + n — 1, 

Common Errors: 

• Aritlimetic errors in finding the values for a, b, and c are common* (There are lots of steps to go 
through, so it is easy to make mistakes along die w ay .) 

Study Tips: 

• Finding the formulas for these sequences can take up a lot of space. Do not be stingy with your paper. 
Take the space you need to be able to see things clearly. 

For Review: 

• To review sequences and terminology, go to Lesson Thirty-Five. 

Problems: 

Identify the pattern for the ri" term in the following sequences. 

1, 1,4,9, 16,25,36,49,64.81, ... 

2* 1,8,27,64, 125, 216,... 

Find a formula for the n " term of each sequence. 

3, 1,3,6, 10,15,21,28,36,45, ... 

4 3, 9,19, 33, 51, 73, 99, 129,163,. 

5. 2, 2,4, 8, 14,22,32,44,58,... 

6. 0. 7. 22. 45, 76. 115, 162, 217, 280, .«. 

Find the next term in each sequence by identifying a recurrence rule for finding die terms of die sequences. 

7. 1, 1,3, 7, 17,41,99, ... 

8. 1, 1. 3, 5, 11.21.43,85, ... 

9. 1. 1. 1, 3, 5, 9. 17, 31, 57. ... 

10. 1,2,6,24,120,720,... 
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Formula List 


n th term of an arithmetic sequence: The formula for the n h term of an arithmetic sequence is given by 
f[n) = d(n - 1 ) + ct\, where a\ is the first term in the sequence and d is the common difference. (Lesson 
Thirty-Five) 

Slope: The slope between 2 points (x u yi) and (x 2 , y 2 ) is given by (y 2 ~yi)/(x 2 ~x i). (Lesson Nine) 

Slope-intercept fonn of a line: y = mx + b, where m = slope of the line and b = y-intercept of the line (the 
place where the line crosses they-axis). (Lesson Ten) 

Point-slope form: y-y x = m(x - x x \ where the line passes through point (x u y x ) and has a slope of m. 
(Lesson Eleven) 


Pythagorean theorem: In any right triangle, the sum of the squares of the lengths of the legs equals the square 
of the length of the hypotenuse: a 2 + b = c 2 . (Lesson Twenty-Five) 


Quadratic formula: x 


-b ±ylb 2 -4 ac 
2 a 


(Lesson Twenty-One) 


Vertex of a parabola: The vertex of a parabola is given by (a, b) if the equation of the parabola is written in the 
form y = (x - a) 2 + b. (Lesson Twenty-Tlnee) 
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Solutions 


Solutions 


Lesson 1 


1. Begin on the number 5 on a number line. To add -2, you move to the left on that number line by tw o units. 
You will then be on the number 3. This is the answer: 5 + (-2) = 3. 

2. Begin on the number -4 on a number line. To add -3, you move to the left on that number line by three 
units. You will then be on the number -7. This is the answ er: -4 + (-3) = -7. 

3. Begin on the number -6 on a number line. To add 11, you move to the right on that number line by 11 
units. You will then be on the number 5. This is the answ er: -6+11 = 5. 

4. Begin on the number -9 on a number line. To add 7, you move to the right on that number line by seven 
units. You will then be on the number -2. This is the answer: -9 + 7 = -2. 

5. When multiplying two signed numbers, you must remember that the product will be negative whenever the 
signs of the two given numbers are different (one of the numbers is negative and the other is positive). So 
in this case, the final answer will be negative. Since 3x6=18, the final answer here is -18. 

6. When multiplying two signed numbers, you must remember that the product will be negative whenever the 
signs of the two given numbers are different (one of the numbers is negative and the other is positive). So 
in this case, the final answer will be negative. Since 10x8 = 80, the final answer here is -80. 

7. When multiplying two signed numbers, you must remember that the product will be positive whenever the 
signs of the two given numbers are the same (both numbers are positive or both numbers are negative). So 
in this case, the final answer will be positive. Since 2x9=18. the final answer here is 18. 

8. When dividing two signed numbers, you must remember that the final answer will be negative whenever 
the signs of the two given numbers are different (one of the numbers is negative and the other is positive). 
So in this case, the final answer will be negative. Since 30 =6 = 5 , the final answer here is -5. 

9. When dividing two signed numbers, you must remember that the final answer will be negative whenever 
the signs of the two given numbers are different (one of the numbers is negative and the other is positive). 
So in this case, the final answer will be negative. Since 45 5 = 9 , the final answer here is -9. 

10. When dividing two signed numbers, you must remember that the final answer will be positive whenever the 
signs of the two given numbers are the same (both numbers are positive or both numbers are negative). So 
in this case, the final answer will be positive. Since 72 = 9 = 8 , the final answer here is 8. 
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Lesson 2 


1* Recall t hat we can add these numbers in any order that we wish (since the only operation we are using is 
addition). Then notice the following. 

8+12 = 20 

4 + 6= 10 
3 + 7 = 10 

That means the final answer for this sum is 20 + 10 + 10 = 40. 

2, We know that we can multiply these numbers in any order that we wish (if s the same rule as with 
problems only involving addition). So let's multiply these numbers so that our answers work out nicely (as 
far as possible). First notice that 5 x 2 = 10. Next we know' that 4 x 5 = 20. So we are really dealing with 10 
x 3 X 20. That's the same as 30 x 20, since 10 x 3 = 30 . And 30 x 20 = 600. So the answer here is 600. 

3, Because there is a mixture of additions and subtractions here (and no other operations), we simply work left 
to right to simplify this expression. 

25 - 14 -8 + 3 

= 11-8 + 3 

= 3+ 3 

= 6 

4, In tliis problem, we have a mixture of addition, subtraction, and multiplication. Hie rules for order of 
operations tell us that we must compute the multiplication first. So we have the following. 

2 - 3 x 5 + 4 

= 2 - (3 x 5) + 4 

= 2-15+4 

Now r we just work left to right. 

2-15+4 
= -13+4 
= -9 

5, The rules for order of operations tell us that we must compute the multiplication and division parts first and 
then perform the addition and subtraction. So we have the following. 

18-5x2+27 + 3 
= 18 - (5 x 2) + (27 +3) 

= 18-10 + 9 

Now we just work left to right to finish the problem. 

18-10 + 9 
= 8 + 9 
= 17 

6, We must remember that exponentiation is performed before multiplication, addition, and subtraction. So 
we have the following. 

5 + 3 2 -6x4 
= 5 + 9-6x4 
= 5 + 9-24 
= 14-24 

= -10 
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Solutions 


7, We first perform the exponentiation to get 
100 + 4x3 + 12 

We next perform the divisions and multiplications from left to right. 

100 + 4x3 + 12 
= 25x3 + 12 
= 75 + 12 

We finish the problem by performing the addition. 

75 + 12 = 87 

8, The order of operations rules tell us that whatever is inside parentheses is to be computed first. We then 
perform the multiplication followed by the addition. So we have the following. 

(4 + 8) + 3 x 5 

= 12 + 3 x 5 

= 12 + 15 

= 27 

9, The order of operations rules tell us that whatever is inside parentheses is to be computed first. We then 
perform the exponentiation followed by the multiplication. So we have the following. 

5 x (9 — 3) 2 

= 5x6 2 

- 5x36 
= 180 

10, Our order of operations rules tell us we must first compute w hat is inside the parentheses, follow ed by the 
exponentiations, then the division and multiplication from left to right, and, last, the remaining addition. So 
we have 

56 + (ll-4) + 2 3 x5 

- 56 + 7 + T x 5 
= 56 + 7 + 8x5 

- 8+8x5 
= 8+40 
= 48 
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Lesson 3 


45 

1* We rewrite 45% as a fraction as —* Reduce tills fraction by cancelling a 5 from the numerator and the 


denominator; the final answer is 


100 

_ 9 _ 

20 


2> We rewrite 8% as a fraction as y—Reduce this fraction by cancelling a 4 from the numerator and the 


denominator the final answer is —. 

25 


3, We rew rite 200% as a fraction as 


2 


200 

100 


This is the same as the number 2 or, if we want to w rite it as a 


fraction, —. 
1 


4, This is the same as “48 hundredths/ That means it is the same as —. Reduce this b\ cancelling a 4 from 

100 

12 


the numerator and denominator to get a final answ er of —, 

25 


8 


5* This is the same as “twelve and eight tenths/’ That means it is the same as 12—. Reduce the fraction bv 

10 


cancelling a 2 from the numerator and denominator to get a final answ er of 12— 

5 

6, Convert 4/5 to a decimal number. 

0.8 

5]T0 


0 


So the final answ er is .8. 

2,666 

7. 6)16 000 

12 

40 

36 

40 

36 

40 

36 

4 

Tins process is going to continue indefinitely and this means that this is an infinite repeating decimal 
number. The final answer is 2. 6666..., or 2.6 . 

8, We begin with 87. and move the decimal point two spaces to the left. This gives us 87 and this is the 
final answ er, 

9* We begin with 3. and move the decimal point two spaces to the left. This gives us .03 (after we include the 
extra 0, which is needed to allow the decimal point to move two spaces). So the final answer is .03. 

10* We begin with 5,678. and move the decimal point two spaces to the left. This gives us 56.78 and this is the 
final answer. 
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Solutions 


Lesson 4 


L "Eight times nr is simply 8 m. Four more than tills is 4 + 8 m or Sm + 4. 

2> "Two times r” is 2x, so the difference of two times x and 10 is 2x — 10, 

3* This is x~ 17. 

4* The sum of x and 12 isx+ 12. Three times this quantity is 3(x + 12). 

r ^ 
5, The square root of t is Vr, so that the quotient of the square root of t and 9 is —♦ 


7 * 


Let 

P = the perimeter of the rectangle 
L = tlie length of the rectangle 
W = the w idth of the rectangle 

The left-hand side of the equation is simply P (for the perimeter of the rectangle). The word is is replaced 

by “=”. 

"Two times the length of tlie rectangle” is 2L and “two times the w idth of the rectangle” is 2 W . So the “sum 
of two times the length of the rectangle and two times the width of the rectangle” is 2 L + 2 W. Therefore, 
the equation is P = 2L + 2W. 

Let 

T = the number of three-pointers made 
F - the number of free throws made 

The left-hand side of the equation is T. The word is is replaced by “'\ "Six more than the number of free 
throws made” is6+ForF + 6. Therefore, the equation is T = F + 6, 

Let 

S = the number of customers on a Saturday 
M = the number of customers on a Monday 

mf 

Then we have 5=3 x M or just S = 3M. 


Let 

T = the tip for the meal 
B = tlie bill 

Then we have T = (18%)5 If we rew rite 18% as the deeimal number .18, then we have 
T=.IW. 


10* Let 

V = tlie volume of tlie box 
L = tlie length of the box 
W = the width of the box 
H = the height of the box 
Then we have V = L x W x H. 
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Lesson 5 


1. (-3-4) 2 +5(-3) 2 
= (-7f+5(9) 

= 49 + 45 
= 94 

2. (-l-4)(-l + 3) 2 -6(-l) ? 

= (-5)(2) 2 -6(-1) j 

= (—5)(4) — 6(—1) 

= -20 + 6 
= -14 

3. 14\'v -8y~x 4 +5x : v -2(xy : )" 

= I4.v'r : X.v 4 i ,: +5x i y i 2v : r' 

- 6x' v + 3x’ v 

4. 17aV+13(a J ) 2 -8o 2 o 4 +10a , a‘ 2 

= Wcf +tta ( ’-Kef +\(hr 

- 27 a' +5a" 

5. Or -y 7 VXr -/V) 

6. (3x # • y 7 • z' )(6x 4 -y 1 ■ z ’) 

- 18 

7. (5x • v”' -z')(3x 4 -y l ■ z ’)(8.r • 2 :s ) 
= 120r -y* -z° 

- 120 x 7 -y* 


8 . 


a 10 b 17 
b 4 a 8 



13 


9* 


63> 




4 8 


21V 2 







-I 5 7 

3r v 
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Solutions 


Lesson 6 


1, The x-coordinate is 5, so we move five units to the right of the origin. The ^-coordinate is -3, so w e move 
down three units. This means our point is in Quadrant IV. 



2 > 


The r-coordinate is -8, so we move eight units to the left of the origin. The y-coordinate is 4 ? so we move 
up four units. This means our point is in Quadrant II. 



130 







X The x-coordinate is -2 f so we move two units to the left of the origin. The >-cooidinate is —1, so we move 
down one unit. This means our point is in Quadrant III. 



4, The ^coordinate is 0, so we do not move to the left or the right of the origin. The ^-coordinate is 7, so we 
move up seven units This means our point is not located in any of the quadrants. The point is located on 
the v-axis. 
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Solutions 


5* The x-coordinate is 4 ? so we move four units to the right of the origin. The y-coordinate is 6, so we move up 
six units. This means our point is in Quadrant I. 



6, The x-coordinate of this point is 5 and the y-coordinate is 7. So the coordinates are (5, 7) t 

7, The x-coordinate of this point is -4 and the ^coordinate is L So the coordinates are (-4,1 ) t 

8, fhe x-coordinate of fills point is 3 and the y-coordinale is 0 (because the point lives on the x-axisf So die 

coordinates are (3, 0). 

9, The x-coordinate of this point is 0 and the y-coordinate is -6 + So the coordinates are (0* -6) + 

10, The x-coordinate of this point is -7 and the ^coordinate is -5. So die coordinates are (-7, -5), 
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Lesson 7 


2(4) -5 = 3 
8-5 = 3 
3 = 3 
True 

2* 12*+ 78 =18 

12(-5) + 78 = 18 
-60 + 78 = 18 


True 

3, t - 9 = 14 
+ 9 +9 

t = 23 

4* r'i 8 = -29 
-8 -8 
x = -37 
5* y - 11 =-53 
+ 11 +11 
y = -42 

6, 3r = 72 

3x_ 72 
3 ~ 3 
x= 24 

7, —x = 20 
7 


+ 7^5 

jJ?*" 




20 


x = (7X4) 
x = 28 


8, 6x - 7 = 47 
+7 +7 


6x = 54 


6x _ 54 
6 6 
x = 9 
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Solutions 


—+14 = -12 
2 

-14 -14 


10 . 


- = -26 
2 

2(—) = 2(—26) 
y = -52 


— y-7 = 12 
3 

+7 +7 


' 3^ 


'■V 




2 

-Y 

3 

(-|r) 


= 19 


X ~ 


f-21 

Cl) 

57 


(19) 


i- 
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Lesson 8 


1. 2x + 14 + lx = 5 
9x + 14 = 5 
9x = -9 
x = 1 

, 1 2 
2 * —- x +— r x — 14 

2 3 

6{“X +—x) =6(14) 

2 3 

3x + 4x = 84 

7x = 84 

x - 12 

X 5(f + 3) = 35 
5t+ 15 = 35 
5 1 = 20 
t = 4 

4* -7(x - 4) = 63 
-7x + 28 = 63 
-7x = 35 
x = -5 

5. 4y - 13 = -8v + 11 
12y — 13= 11 

•if 

12 v = 24 

■/ 

6. -3x + 47 = 5x + 103 
-8x + 47 = 103 
-8.V - 56 

x=-7 

7. -lx + 20 = -3.r + 100 
-4x + 20 = 100 

-Ax - 80 
x- -20 

8. 3(7x — 8) = 7(3r + 2) 

21x -24 = 21x + 14 
-24 = 14 

This equation is never true, so there are no solutions of the original equation. 

9. 6(7x + 14) = 7(6x + 12) 

42x + 84 = 42r + 84 


Tins equation is always true, so every number visa solution. That means the original equation is an 
identity. 
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10. First let’s convert $7 to 700 cents. Next let C equal the number of cups of lemonade made over the 
weekend. Then the total cost is 700 + 15C. How r about the revenue or income? That will be 50C. So we 
want these two quantities to be equal in order to break even. 

700 + 15C= 50 C 

700 = 35 C 

20 = C 

So your little brother will need to sell 20 cups of lemonade to break even. 
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Lesson 9 


1* Two points on the line are (0 S -3) and (2, 7). The slope then is 
7 — (—3) _ 7+3 _ 10 
2-0 ~ 2 ~ 2 

2* Two points on the line are (—2, 11) and (3 ? -9). The slope then is 
-9-11 _ -20 _ -20 _ 

3 - (-2) _ 3 + 2 _ 5 

X Two points on the line are (— 8 , -2) and ( 6 ? 5). The slope then is 
-2-3 _ -7 _ 1 
-8-6 “ -14 “ 2 

4* Two points on the line are ( 6 ? 0) and (-9, 10). The slope then is 
10-0 _ 10 _ 2 _ 2 
-9-6 “-15“ -3 “ 3 

5, Notice that this is a vertical line. We know that the slope of every vertical line is undefined (there is no 
slope). Tliis can also be seen by using our formula for the slope using the two points (5, 2) and (5, -4) t The 
slope equals 

-——— = —■ — = — This fraction is undefined (due to division bv 0). 

5-5 0 0 


10-(- 8 ) _ 10 + 8 _ 18 _ 9 

7-3 “ 4 “ 4 ~2 

-5-7 -12 12 4 

-2-13 -15 " 15 " 5 

0 15 — (—13) 15 + 13 28 2 


-4-10 -14 -14 -1 


% 


423-3 

10-3 




-12 -(- 12 ) 
13-8 


-12 + 12 
5 


- = 0. So these points live on a horizontal line. 
5 
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Solutions 


Lesson 10 


L 


First note that tliey-intercept is -5, so b =-5. Next we need to find the slope of the line. We see that two 
points on the line are (0, -5) and (2, -1), So the slope is 


2 - 0 


-1+5 


2 


— = 2 Therefore, the slope-intercept form of the line is y = 2x- 5. 


2* First note that they-intercept is 1, so h = 1. Next we need to find the slope of the line. We see that two 
points on the line are (0, 1) and (4,4), So the slope is 

4-1 3 

-—- = — Therefore, the slope-intercept form of the line isy = (3/4)* + F 


X First note that they-intercept is 4, so b = 4. Next we need to find the slope of the line. We see that two 
points on the line are (0, 4) and (1,1). So the slope is 

1-4 -3 

-—— = — = -3 Therefore, the slope-intercept form ol the line isy = —3 jc 4 4, 


4, First note that the i -intercept is -4. so b = -4. Next we need to find the slope of the line. We see that two 
points on the line are (0, -4) and (-10, 0), So the slope is 


Q-(-4) _ 0 + 4 _ 4 
- 10-0 ~ -10 " -10 



Therefore, the slope-intercept form of the line is y = ~(2/5)x~4. 


5, First note that they-intercept is 6, so h- 6, Next we need to find the slope of the line. We see that two 
points on the line are (0, 6) and (1, 6), So the slope is 

■y—-■ = y = 0 Therefore, tire slope-intercept form of the line is v = Ox + 6 or just y = 6. 

6 * First note that they-intercept here will occur at (0, -2), since b = — 2. Next notice that the slope of the line is 
4, This means, for example, that the point (1, 2) is also on this line The reason is that for every increase of 
1 in the ^-coordinate, we must add 4 to the y-coordinate, and -2 + 4 = 2. 

We can plot these two points and then draw r die straight line going through die two points. 
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7* First note that the.v-intercept here will occur at (0, 7), since h = l. Next notice that the slope of the line is 
-3. This means, for example, that the point (1, 4) is also on this line. The reason is that for every increase of 
1 in the x-coordinate, we must add -3 to the >-coordinate, and 7 + (-3) = 7 - 3 = 4. 

We can plot these two points and then draw the straight line going through the two points. 



8 . First note that the ^intercept here will occur at (0„5), since b = 5. Next notice that the slope of the line is 
4/3 * This means, for example, that the point (3, 9) is also on this line. The reason is that for every increase 
of 1 in the x-coordinate, we must add 4/3 to the coordinate. So for every increase of 3 in the x-coordinate, 
we must add 4/3 + 4/3 - 4/3, or 4, to the y-coordinate, and 5 + 4 = 9. 

We can plot these two points and then draw the straight line going through the two points. 



X 

0 

i 

2 

3 

4 

y 

-7 

-4 

-1 

2 

5 
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Solutions 


9, Note that the >-intercept of tills line lias been given to us. It is the point (0, —7). So b = -7 in tills equation. 
Next we must determine the slope of the line. Using the two points (3, 2) and (4,5), we know the slope is 
given by 

5-2 3 

-—- = - = 3 Therefore, the slope-intercept form of the equation isy = 3x 7. 


10 , Note that the v-intercept of this line lias been given to us. It is the point ( 0 , 2 ). So b = 2 in this equation. 
Next we must determine the slope of the line. Using the two points (5, -13) and (0. 2). we know the slope 
is given by 


2-(-13) 
0-5 


2 + 13 
-5 


— = -3 Therefore, the slope-intercept form of the equation isy = -3x + 2. 


h 
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Lesson 11 


1. Notice that tliere are two points that live on this line. They are (-1, 0 ) and ( 2 + . 2 ), From these we can find 
the slope of the line. 

2-0 2 

-—= — Therefore, the point-slope form of the line isy — 2- (2/3)(* — 2). We could also write it as 

y - 0 - (2/3 )(x — (-1 )) or v = (2/3 )(x + I) or y - (2/3 )x + 2/3 

2 , Notice that there are two points that live on this line. They are (L 7) and (5, 1). From these we can find the 
slope of the line. 


-= — = -— Therefore, the point-slope form of the line is y — 7 = (-3/2)(r — 1 ), This can be rewritten 

5-1 4 2 

in slope-intercept form as follows. 

y-1 = (-3/2)(x-l) 
y - 7= (—3/2-Xv + 3/2 
y= (-3/2)*+ 17/2 

3. Notice that tliere are two points that live on this line. They are (-4, -3) and ( 2 , 5). From these we can find 
the slope of the line. 


4, 


5 - (-3) 
2-(-4) 


5 + 3 8 4 

1 -= — = — Therefore, the point-slope form of the line is v - (-3) = (4/3 )(jc - (-4)) or 

2 + 4 6 3 


y + 3 = (4/3 )(jc + 4). This can be rervritten in slope-intercept form as follow's. 


y + 3 = (4/3 )(jc + 4) 
y + 3 = (4/3 )v i (16/3) 
y = (4/3)* + 7/3 

Notice tliat tliere are tw o points that live on this line. They are (1, -5) and (-7, -4). From these we can find 
the slope of the line. 


-4 - (-5) -4 + 5 

-7 -1 -8 


— Therefore, the point-slope form of the line is 


y - (-5) = (-l/ 8 )(* - 1 ) or v + 5 = (-l/ 8 )(* - 1 ). This can be rewritten in slope-intercept formas follows. 
y + 5 = (-l/ 8 )(* - 1) 
y + 5 — (—1/8)* + 1/8 
y= (-1/8)% -39/8 
5, First note that the slope equals 
5-0 5 1 

-3-7“ -10 “ 2 


Thus, the point-slope formula of tire equation of the line, using the point (7,0), is given by 

y - 0 = (-l/2)(x - 7). This can be converted to the slope-intercept form of the equation as follows. 

y=(-l/2)(*-7) 

y = (-1/2)* + 7/2 
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Solutions 




6 , First note that the slope equals 
20-2 18 „ 

10-1 ~ 9 ~ 

Thus, the point-slope formula of the equation of the line, using the point (1, 2) + . is given by y -2 = 2(x - 1). 
Tliis can be converted to the slope-intercept form of die equation as follows. 

y -2 = 2(x - 1) 

y — 2 = 2x - 2 

v ~ 2x 

7, First note that the slope equals 
10 - (-6) _ 10+6 _ 16 _ 

2-4 ~ -2 ~ 2 

Thus, the point-slope formula of the equation of the line, using the point (2, 10), is given by y — 10 = —8(x 
- 2), Tliis can be converted to the slope-intercept form of the equation as follows. 

y — 10 = —8(x - 2) 

v - 10 = -8 x+ 16 

y = —8x + 26 

8 * We know that the slope of the line is m = 3 (since tliis equation is in point-slope form). We also know that 
the point (7, 2) is on the line. Therefore, we also know that the point (7 + 1, 2 + 3) or (8,5) is also on the 
line (since the slope is 3). We can plot these two points and sketch the line connecting them. 
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9, 



We know that the slope of the line is m = 1/2 (since this equation is in point-slope form). We also know that 
the point (4, -12) is on the line since y + 12 is the same asy - (-12). Therefore, we also know that the point 
(4 + 2, -12 + 1), or (6, -11), is also on the line (since the slope is 1/2). We can plot these two points and 
sketch the line connecting them. 



10 , We know that the slope of the line is m = -5 (since this equation is in point-slope form). We also know that 
the point (-3, -2) is on the line. Therefore, we also know that the point (-3 + 1,-2 - 5) or (-2, -7) is also 
on the line (since the slope is -5). We can plot these two points and sketch the line connecting them. 
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Solutions 


Lesson 12 


L 

2 , 


These two lines are parallel as they both have the same slope (m = 5) but different y-intercepts. 


These two lines are NOT parallel as their slopes are different. One has slope m = 2 and the other has slope 
m - -2, 


4 . 


5, 


i 6, 


We see the slope of the second line is m = -2/5. We can rewrite the first equation in slope-intercept form to 
see what the slope of that line is, 

2x + 5y - 10 

5y = ~2x + 10 

y = (-2/5)r + 2 

So die slope of this line is also m = -2/5. Therefore, diese two lines are parallel 

The slope of the new line must equal the slope of the given line, which is 7, So the equation of the new line 
can be written in point-slope form as y - 8 = 7(r - 3), This can be rewritten as 

>'-8 = 7 ( x - 3 ) 

y - 8 = 7x - 21 

v= lx — 13 

The slope of die new line must equal die slope of die given line, which is - 10 . So the equation of die new 
line can be written in point-slope form as y - (-4) = (- 10 )(v - (-5)), This can be rewritten as 

y — (—4) = ( 1 0)(jc — (—5)) 

y + 4 - f-10)(x + 5) 

1 ' + 4 - -10,v —50 

y = - 1 Or - 54 

In order to be perpendicular, the slopes of these two lines must be negative reciprocals of each other. In this 
case, the two slopes are m = 2 and m - -2. These are NOT negative reciprocals of each other. (They are the 
negatives of each other, but not negative reciprocals) So these two lines are NOT perpendicular. 

Here is a plot of the two lines. 
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7. In order to be perpendicular, the slopes of these two lines must be negative reciprocals of each other. In this 
case, the two slopes are m = 4 and m = -1/4. These are negative reciprocals of each other. So these two 
lines are perpendicular. 

Here is a plot of the tw o lines. 



y 8, In order to be perpendicular, the slopes of these two lines must be negative reciprocals of each other. In this \ 

case, the two slopes are m = 8/3 and m = 3/8. These are not negative reciprocals of each other. (They are 
reciprocals of each other, but they are not negatives of each other.) So these two lines are not perpendicular. 

Here is a plot of the two lines. 
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9* We know that the slope of the given line is m = 3/5. Therefore, the slope of the new line must be —5/3. 
Therefore, using the slope-intercept form of the new line, we have the equation 

y = (~5/3)x + 3 

10, v = (l/4)x - 1 and goes through the point (-3, 11) + 

We know that the slope of the given line is rn = 1/4. Therefore, the slope of die new line must be -4/1 or 
4 + Therefore, using the point-slope form of the new line, we have the equation 

v - 11 = -4(r - (—3)) 

y ”H = ~4(x + 3) 

y - 11 = ~4x - 1 2 

v = -4x - 1 

•*r 
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Lesson 13 


1* The points in the ay-plane that are represented in tills table include the following, 

(0, 7), (1, 12), (2,. 17), (3, 22), (4, 27),. (5, 32) 

If the slope between each consecutive pair of points is the same, then we know r that this table describes a 
linear equation. So let’s calculate these slopes. 

(12 - 7) / (1 - 0) = 5/1 = 5 

(17 - 12)/(2 - 1) = 5/1 = 5 

(22- 17) / (3 -2) = 5/1 =5 

(27-22)/(4-3) = 5/1 =5 

(32-27)/(5-4) = 5/1 =5 

So each of these points lives on a straight line with slope 5. This table does describe a linear equation. (In 
fact, the straight line is given by y = 5x + 7.) 

2* The points in the ay-plane that ate represented in this table include the following. 

(-2, 8), (-1, -1), (0, -10), (1, -19), (2, -28) 

If the slope between each consecutive pair of points is the same, then we know that this table describes a 
linear equation. So let's calculate these slopes, 

(-1 - 8) / (-1 - (-2)) = -9/1 = -9 

(-10 - (-1)) / (0 - ( 1)) = -9/1 = -9 

(-19 - (-10)) / (1 - 0) = -9/1 = -9 

(-28 - (-19)) / (2 - 1) = -9/1 = -9 

So each of these points lives on a straight line with slope -9. This table does describe a linear equation, (In 
fact, the straight line is given by y = -9x - 10.) 

3* The points in the Ay’-plane that are represented in this table include tine following. 

(-L-1), (0, 0),(1, I), (2, 8) 

If the slope between each consecutive pair of points is the same, then we know that this table describes a 
linear equation. So let s calculate these slopes. 

(0-(-l))/(0-(-!))= 1/1 = 1 

(1 — 0)/(l — 0)= 1/1 = 1 

(8 — I) / (2 — 1) = 7/1 = 7 

These slopes are not all equal! Therefore, the table does not represent a linear equation, (In fact, these 
points all satisfy the equation y = r\ is not linear,) 

4, We see in this problem that all the ^-coordinates are the same, so all these points lie on a horizontal line 
whose equation is y = 4 We can also check that these points all live on the same line by calculating all the 
slopes between consecutive points. In every case, we find that the slope is 0, 

5, The points in the Ay-plane that are represented in this table include the following, 

(1,0), (2,1), (3, 4), (4, 9) 

If the slope between each consecutive pair of points is the same, then we know r that this table describes a 
linear equation. So let's calculate these slopes. 

( 1 - 0 )/( 2 - 1 ) = 1/1 = 1 

(4-1)/(3-2) = 3/1 =3 

These slopes are not all equal! Therefore, the table does not represent a linear equation, (In fact, these 
points all satisfy the equation y = (x - l) 2 , which is not linear.) 
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6, The points in the An -plane that arc reprcsented in this table include the following. 

(0, 312), (2, 5/2), (4, 7/2), (5, 4) 

If the slope between each consecutive pair of points is the same, then we know that this table describes a 
linear equation. So let's calculate these slopes. 

(5/2 - 3/2) / (2 - 0) = 1/2 

(7/2 - 5/2) / (4 - 2) = 1/2 

(4 - 7/2) / (5 - 4) = (l/2)/l = 1/2 

So each of these points lives on a straight line with slope 1/2. This table does describe a linear equation. (In 
fact, the straight line is given by y = (1/2)* + 3/2.) 


148 



Lesson 14 


1. C = (5/9)(F - 32) 

C- (5/9)(95 - 32) 

C = (5/9)(63) 

C = 5 * 7 
C = 35 

So 95' J F equals 35°C. 

2. C — (5/9)(F - 32) 

C = (5/9)(107 -32) 

C = (5/9)(75) 

C = (5/3) (25) 

C = 125/3 
C = 41 2/3 

So 107°F equals 41 2/3°C. 

3. C = (5/9)(F - 32) 

20 = (5/9)(F - 32) 

(9/5)20 = (9/5)(5/9)(F - 32) 

36 = F — 32 

68 = F 

So 20°C equals 68°F. 

4. Let x equal the number of yards Bill lias cut Let y equal the total amount of money Bill has in his bank 
account after cutting x yards. Then a linear equation that tells us how much money Bill has in the bank after 
x sards are cut is v = 25.v + 42. 

5* y= 25x + 42 

y= 25(12) + 42 

v = 300 + 42 

y = 342 

So Bill will have $342 in the bank after cutting 12 yards. 

6, Bill will have cut yards 20 times over the month, so x = 20 in tliis case. 
y = 2 5x + 42 
v= 25(20) + 42 
y = 500 + 42 
y = 542 

So Bill will have $542 in the bank after cutting these yards in June. 

7* y= 25x + 42 
1,000 = 2 5x + 42 
958 = 25* 

958 / 25 = x 
x= 38.32 

So in order to have at least $1,000 in tlie bank. Bill will need to cut 39 yards. (If he only cuts 38 yards, he 
will have ALMOST $1,000, but not quite.) 
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8, Let i = the number of weeks that have passed in the year. 

Let y = the number of cans of soup still in the food bank. 

Then an equation that tells us how many cans of soup are still in the food bank after t weeks is y = -12r + 
816, (Notice that we need -12 here, not +12, because the number of cans is going down as the food bank 
gives them away . ) So the slope of the line here is -12, 

9, y = —\2t + 816 

■ir 

y - —12(26) + 816 
y = 504 

So there am 504 cans of soup still in the food bank after half the year has passed. 

10, When the food bank runs out of cans of soup, we have y = 0. 
y = —12r + 816 

0 = -12/ + 816 
12t= 816 
t = 6 8 

So die food bank will run out of soup after 68 w eeks. 
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Lesson 15 


1 . 


The following is a graph of the two lines* 



2 > 


Notice that the two graphs cross at the point (1, -10). Therefore, the solution of this system is (1, 
which is the same as x = 1 and y = —10. 

The following is a graph of the two lines* 




Notice that the two graphs cross at the point (2, 6). Therefore, the solution of this system is (2,6), which is 
the same as x = 2 and y = 6. 


151 















































































































































































































































































































































































































































































































Solutions 



X The following is a graph of the two lines. 


We see that the two lines are parallel, so they do not have an intersection. Therefore, there is no solution to 
this system of equations. 

4, We begin by rewriting the two equations in slope-intercept form. 

6x + 2 y = 16 
2 y = -6x + 16 
y = -3x + 8 
6x - 3 y = 36 
-3v = —6x + 36 
y = 2x~ 12 

The following is a graph of the tw o lines. 



Notice that the two graphs cross at the point (4, -4). Therefore, the solution of this system is (4, -4), which 
is the same as x = 4 and v = -4, 
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5* We begin by rewriting the second equation in slope-intercept form. (The first equation is already in slope- 
intercept form.) 

25x + 5y - 60 

5y = ~25x + 60 

y = -5x +12 

So we have tlie new system of equations, 
y = 5x + 2 
y - —5x + 12 

The following is a graph of the two lines. 
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Notice that the two graphs cross at the point (1, 7). Therefore, the solution of this system is (1, 7), which is 
the same as x = 1 andy - 7. 

6* We begin by substituting 2x + 30 fory in tire first equation (since y = 2x + 30). So we have 
4x + 3y = 10 
4x + 3(2x + 30) = 10 
4x + 6x + 90 — 10 
lOx + 90 = 10 
lOx = -80 
x = -8 

Theny = 2x + 30 = 2(—8) + 30 = -16+ 30 = 14. So the solution is (-8, 14), 

7, We begin by substituting 3x - 2 fory in tlie first equation (since y = 3x - 2). So we liave 
2x + 5y = 24 
2x + 5(3x - 2) = 24 
2x + 15x - 10 - 24 
17x — 10 = 24 
1 lx = 34 
x = 2 

Theny = 3x -2 = 3(2) - 2 = 6 - 2 = 4. So the solution is (2, 4). 
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Solutions 




8* We begin by substituting —2x + 28 for v in the first equation (since y = — lx + 28). So we have 
y = 6x - 4 
-2x + 28 = 6x - 4 
-Sx + 28 = -4 
-8x = -32 
x = 4 

Then y = 6x — 4 = 6(4) - 4 = 24 — 4 = 20. So the solution is (4, 20). 

9, We begin by substituting -2x + 1 for v in the first equation (since y = -2x + 1). So we have 
4x + 2y = 34 

4x + 2(-2x+ 1) = 34 
4x - 4x + 2 = 34 
0 + 2 = 34 
2 = 34 

This equation is not true for any value of x So there is no solution to tins system. 

10. We begin by solving the second equation for the variable x. 

4 y + x = -4 
x = ~4y - 4 

We now substitute -4y - 4 for x in the equation 5y + 3x = 2 + So we have 
5 y + 3x = 2 
5y + 3(-4y-4) = 2 
5y - I2y -12 = 2 
-7y - 12 = 2 
-7 v f = 14 
>' = “2 

Then x = -Ay - 4 = -4(-2) - 4 = 8 - 4 = 4. So the solution is (4 + -2) t 
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Lesson 16 


1. We add the two equations to eliminate the variable y. Once we add the equations, we have 5x = 55. Then 
x = 11 after dividing by 5 

Now we substitute x = 11 into eitlier of the original equations to determine y. 

2x + y- 9 
2(11) +y-9 
22 +>■= 9 
y = -13 

So the solution is (11, -13). 

2* We add the two equations to eliminate the variable x. Once we add the equations, we have 8y - 48. Then 
y = 6 after dividing by 8. 

Now we substitute y = 6 into either of the original equations to determine x. 

4x + 3 y = 20 
4x + 3(6) = 20 
4x+ 18 = 20 
4x = 2 
x = 1/2 

So the solution is (1/2,6), 

3, We subtract the two equations to eliminate the variable x Once we subtract the equations, we have 
-11 y = 44. Then. y = -4 after dividing by -11. 

Now we substitute y = -4 into eitlier of the original equations to determine x 
3x - 4y = 10 
3x - 4 (-4) = 10 
3x 4- 16 = 10 
3x = -6 
x - —2 

So tlie solution is (-2, -4). 

4, We subtract tlie two equations to eliminate the variable y. Once we subtract the equations, we have 0 = -9. 
(Notice that both variables x andy have been eliminated, not just one variable.) But tlie equation 0 = -9 has 
no solutions. Therefore, tlie original system of equations has no solutions. 

5, W r e multiply tlie first equation by 4 to obtain a new system of equations. 

8x - 4y = 36 

3x + 4 v = —14 

Noiv ive add the two equations to get 1 lx = 22, and the variable y is eliminated. Dividing both sides by 11 
gives x = 2. Now we substitute x = 2 into one of the original equations to determine y 

2x - v = 9 

■/ 

2(2) -y= 9 
4 —y = 9 
~y — 5 
y = -5 

So tlie solution is (2, -5). 
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Solutions 


6, We multiply the first equation by 2 to obtain a new system of equations. 

4x + lOv = 24 
-4x + 4v = 18 

Now we add the two equations to get 14 y = 42. and the variable x is eliminated. Dividing both sides by 14 
gives v = 3. Now we substitute y = 3 into one of the original equations to determine x. 

2x + 5 y = 12 

2x + 5(3) = 12 

2x+ IS = 12 

2x = -3 

x = -3/2 

So the solution is (-3/2,3). 

7* We multiply the second equation by 2 to obtain a new system of equations. 

14x—12y=10 
-14x + 12y = 26 

Now r we add the two equations to get 0 = 36, and the variables x and y are eliminated. There are no 
solutions to the equation 0 = 36, so tliere are no solutions to tire original system of equations. 

8, We multiply the first equation by 5 and the second equation by 4 to obtain a new system of equations. 
15x-20y=-50 

8x + 20y = 280 

Now we add the two equations to eliminate y. This gives 23x = 230 or x = 10 after dividing both sides by 
23. We substitute x = 10 into one of die original equations to determine y. 

2x + 5 y - 70 

2(10) +5v =70 

20 i 5y - 70 

5y = 50 

y= 10 

So the solution is (10, 10). 

9, We multiply the first equation by 3 and the second equation by 2 to obtain a new system of equations. 

6x+ 12y = 42 

-6x + 14y - _ 16 

Now we add the two equations to eliminate x. This gives 26y - 26 or y - 1 after dividing both sides by 26. 
We substitute )’ - 1 into one of the original equations to determine x. 

2x + 4y - 14 

2x + 4(1) = 14 

2x + 4 - 14 

2x = 10 

x= 5 

So the solution is (5,1). 

10, We multiply tlie first equation by 3 to get a new system of equations. 

12x+ 18y= 15 

-12x- 18v = —15 

Now 7 add the two equations to get 0 - 0. Tins equation is always true, so the set of solutions is the set of 
ALL points on the line 4x + 6v = 5. (In other words, both equations in the original system are the equations 
of the SAME line.) So there are infinitely many different solutions. 
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Lesson 17 


1* We first graph the line whose equation is v =2x +3. 



The line is draw n in a dashed fashion because the original inequality is a strict inequality (“greater than” 
rather than “greater than or equal to”). We then shade in the portion of the Cartesian plane that is above this 
line. 


2, We first graph the line whose equation is v = 4x 1. 



The line is draw n in a solid fashion because the original inequality is “less than or equal to” rather than 
“less than”). We then shade in the portion of the Cartesian plane that is below this line. 
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Solutions 




3* We first graph the line whose equation is y = —x-2 



The line is drawn in a solid fashion because the original inequality is "greater than or equal to" rather than 
"greater than”), We then shade in the portion of the Cartesian plane that is above this line. 

4, We first graph the line whose equation is y = x + 4 . 



The line is drawn in a dashed fashion because the original inequality is "less than" rather than "less than or 
equal to”)- We then shade in the portion of the Cartesian plane that is below this line. 
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5. We first graph the line whose equation is jc = —5. 



6 , 


The line is drawn in a dashed fashion because the original inequality is 'less than” rather than "less than or 
equal to”). We then shade in the portion of the Cartesian plane that is to the left of this line. 

We first graph the line whose equation is y = - . 
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The line is draw n in a solid fashion because the original inequality is "less than or equal to” rather than 
"less than”). We then shade in the portion of the Cartesian plane that is below this line. 
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Solutions 




7, We first graph the line whose equation is 4x - 6v = 10. In order to do so, w r e rewrite this equation in 
point-slope form. 

4 x-6v= 10 

-6 y = -4x + 10 

y = (2/3)x - 5/3 



The line is drawn in a dashed fashion because the original inequality is a strict inequality ('‘greater than” rather 
than “greater than or equal to”). We then shade in the portion of the Cartesian plane that is below this line. 

8* We first graph the line whose equation is -2x- 3y = 9. In order to do so, we rewrite this equation in 
point-slope form. 

-lx - 3 y = 9 

-3 y = 2x + 9 

y = (-2/3)% - 3 



The line is drawn in a solid fashion because the original inequality is “less than or equal to” rather than 
‘ less than”). We then shade in the portion of the Cartesian plane that is above this line. 
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9* We first graph the line whose equation is 2x = -5y + 1. In order to do so, we rew rite this equation in 
point-slope form. 

2x - ~5y + 1 

2x + 5 y = 1 

5 y = -2x + 1 

v = (-2/5)x + 1 15 
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The line is draw n in a dashed fashion because the original inequality is 'less than rather than “less than or 
equal to ty We then shade in the portion of the Cartesian plane that is below this line. 

10, We first graph the line whose equation is 12 y + 96 = 0 t In order to do so, w e rew rite tins equation in 
point-slope form 

12 v + 96 = 0 

4r 

12 v =-96 

■/ 


The line is draw n in a solid fasliion because the original inequality is 'greater than or equal to rather than 
“greater thaivty We then shade in the portion of the Cartesian plane that is above this line. 


9 ; 

8 - 

7' 

e- 

4 - 

3' 

2 * 

1- 


l- t . I -I H - 

-9 -9 *7 -t -5 


4 -J -I 4 


12 3 4 5 6 7 8 ! 


4' 

4- 

4 ■ 

-a- 

- 6 - 


161 







Solutions 


Lesson 18 


L The graph of this quadratic opens upward because the coefficient of the x 2 temi is 3 and this is positive. 
To confirm this answer, here is the graph of 3x - 5x + 2 , 



1 2* The graph of this quadratic opens downw ard because the coefficient of the x 2 term is -1 and this ( 

is negative. 

To confirm this answer, here is the graph of -x 2 + x + 2. 
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3. 4*(3x-10) 

= (4x)(3x)-(4x)(10) 

= I2x 2 -40x 

4. 15.v 2 +20.V-50 

= 5(3x 2 +4.r-10) 

5. (A - 2)(A — 8) 

= A 2 -8.4-2.4 + 16 

= A 2 -10,4 + 16 

6. (x + 7)(x— 3) 

= x 2 -3x + 7x-2\ 

= x" ¥4x — 2l 
% (3jc+2)(7jc+4) 

= 2 Lv 2 +1 2x +1 4x + 8 
= 2lx 2 + 26#+ 8 
K. (5 v - 1)(3 y + 9) 

= 15 y 2 +45v-3>'-9 

= 15/+42y-9 

9, (2x-6) 2 

= (2x - 6)(2x - 6) 

= 4x 2 -12x-12x + 36 

= 4x~ - 24 x + 36 

10, (3f-2)(3r + 2) 

= 9 v +6r-6r-4 
= 9t 2 -4 
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Lesson 19 


1, x 2 + 7x + \2 = (x + 4)(x + 3) 

2, x - 9x + 18= (x - 3)(x — 6) 

3, x 2 - 4x - 2 1 = (x - 7)(x + 3) 

4* x 2 + 8x - 48 = (x + 12)(x - 4) 

5, x 2 +12x+36= (x + 6)(x + 6) = (x+6) 2 

6* x 2 -81= (x - 9)(x + 9) 

7* x 2 -144 = (x - 12)(x+ 12) 

8, 2x 2 + lLr + 5 = (2x + l)(x + 5) 

9* 6x~ -16x+8 = (3x - 2)(2x - 4) 

10* 2x 2 -lx -15 = (2x + 3)(x - 5) 
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Lesson 20 


1, x 2 - 4x - x(x — 4) 

2, 3x 2 -9x = 3x(x-3) 

3, 6x 2 + l&x = 2x(3x + 8) 

4* x 2 +10x + 25 = (x + 5)(x+ 5) = (x+5) 2 
5, x 2 + 14r+49 = (x t 7)(x + 7) = (x +7) 2 
6* 4x 2 -l2x + 9 =(2x~ 3)(2x~3)= ( 2x-3) 2 

7, x 2 -169 = (x - 13)(x+ 13) 

8* x 2 - 900 = (x - 30)(x + 30) 

9, 16x - 49 = (4x - 7)(4r + 7) 

10* 50x 2 -72= 2(25 x 2 -36) = 2(5x - 6)(5x + 6) 


Solutions 


Lesson 21 


1* Using the quadratic fonnula (with a = 1, b = -3. and c = 1), we know 


2> 


X 




x = 


-fflMD and , = -(-j).-V(-3)lzj<'») ™ sis ^ as 


2 ( 1 ) 


3 + ^5 , 3- 

x =-and * = — 


2 ( 1 ) 


These are the two solutions. 


2 2 

Using the quadratic fonnula (with a = 1, b = 9. and c = 20), we know 


x = 


-9W(9) ; -4(1X20) ^ „-9-VW-4(1)(20) ras *^ ^ M 


2 ( 1 ) 


2 ( 1 ) 


—9 +VI -9 — 

x = —-and x = -We can simplify these to .r = -4 and y - -5. These ate the hvo solutions. 

Using the quadratic fonnula (with a = 6, h = 16, and c = 0), we know' 


x = 


-I6+V(16)= -4(6)(0) J= -16-V06)= —4(6X0 ) 


2 ( 6 ) 


2 ( 6 ) 


-16 +vlb^ ^ -16-V16" „ T . „ , j 32 .... - 

x =-and x =- We can simplify these to x = 0 and x = -—, which is the same as 


12 


12 


12 


8 


x = 0 and x = —. These are the two solutions. 

3 

4, Using the quadratic fonnula (with a = 1, b = -8. and c = 16), we know 


x = 


-,-8)W<-8>’-40X16) and -Hi)-V(-»,--4(1)(16) 


2 ( 1 ) 


2 ( 1 ) 


x = and x = ——• We can simplify' these to x = 4 and x = 4. which is the same as just x = 4. So 

there is really only one solution. 

* 

Using the quadratic formula (with a = 5, h = 11, and c = 2), we know 7 


x = 


-1 ■ + V(1 !)■ - 4(5X2) , = -11 - S ■)' - 4(5)(2) „ ^ ^ 3S 


2(5) 


2(5) 


x = ^ anc j x _ ^ We can simplify these to x = —— and x = , which is the same as 


10 

1 

a* =— and x = -2 . These are the two solutions. 
5 


10 


10 


6* Using the quadratic formula (with a = 1, b - 6, and c = 12), we know 7 


x = 


-4(1)02) ^ x= ±M -H1XI2) This is the same as 


Y = 


2 ( 1 ) 

-6+y^i2 


2 ( 1 ) 


and x = —— ^ ^ Because the numbers under the square root symbol are negative, w e 
2 2 

know that there are no mal number solutions to the original equation. 
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7, We begin by noting that the original equation is equivalent to r - 5x -8 = 0. Using tlie quadratic formula 
(with a - 1, b - —5, and c = -8), we know 


8 * 


9* 


x = 


-(-5)W(-tf-4(l^^ r= -(-5)-V(-5r-4 ( l )( -8) TO ^ tesameas 


2 ( 1 ) 


2 ( 1 ) 


• ' J '’ rheseareihs,wosolutions. 

2 2 

We begin by noting tliat the original equation is equivalent to 2x 2 - 3x + 6 = 0. Using the quadratic fonnula 
(with a = 2,b = —3, and c = 6), we know 


x = 


-(-3) + 4i-yf -4(2X61 , = -(-3)-V(-3)= -4(2X6) ^_ 


2 ( 2 ) 


2 ( 2 ) 


x = 


3 + 


V-39 3 — V—39 

and x =-Because die numbers under the square root symbol are negative* we know 


4 4 

tliat there are no real number solutions to the original equation 

Using the quadratic formula (with a = —l,b = -4, and c = 7), we know 


x = 


■<-*)+*-*)’-«-m This is the same as 


2(-l) 


2(-l) 


x = 


4 + 


4-V44 4 + 2VTT 4-2ViT 

and x =-— We can simplify these to x = --— aid x = --—, which is the same 


-2 -2 * ' -2 

as x = -2- Vll and x =-2+ Vll. These are tlie two solutions. 
10. Using the quadratic formula (with a - —1, b-6, and c - —9), we know 


-2 


y = 


6 iM sod - 6 -' /(6)3 - 4( - |)( ^ This is the same as 


2 (— 1 ) 


2 ( 1 ) 


-q + h/tT -6-i/o~ 

x = --— and x =--— We can simplify 7 these to x = 3 and x - 3, which is the same as just x - 3. 

So there is really only one solution. 
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Solutions 


Lesson 22 


1, We rewrite the quadratic using the method of completing the square. 

f(x) = x 2 +8x + 21 = x 2 + 8x +16 -16 + 21 = (x + 4) 2 + 5 . Since (x + 4) 2 >0 for any value of x. we know 
that /(x) > 5. So the smallest value of the original quadratic is 5. 

2> We rewrite the quadratic using the method of completing the square. 

/(x) = x 2 + 10x + 13 = x 2 + 10r+25-25 + 13 = (r+5) -12 . Since (x + 5) 2 >0 for any value of x ? we 
know that /(X) > -12 , So the smallest value of the original quadratic is -12. 

X x 2 + 2x-7 = 0 

x 2 + 2 x +1 — 1 — 7 — 0 
( x 2 +2x+1) — 8 = 0 

(x + 1) 2 -8 = 0 

(x+i) 2 =g 

x + 1 = a/s or x + 1 = -Vs 

x = -1 f Vs or v = -1 - V8 
4, x 2 + 12x+32 = 0 

x 2 +12x +36-36+ 32 =0 
(x 2 +12x + 36)-4 = 0 

(x + 6) 2 - 4 = 0 

(x + 6) 2 =4 

x + 6 = 2 or x + 6 = -2 
x = -4 or x = -8 
5* x + 16x + 61 = 0 

x 2 +16x+64 - 64 + 61 = 0 
(x 2 +16x + 64)-3 = 0 
(x + 8) 2 - 3 = 0 
(x + 8) 2 = 3 

x + 8 = V3 or x + 8 = -V3 
x = -8 + V3 or x = -8 - VJ 
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6» x + lx — 1=0 

* + 7 x + i »_«_ 1 = 0 

4 4 

(jc 2 +7x+—)-— = 0 
4 4 

7. 2 53 „ 

(Y + —)"-= 0 

1 4 

7 , 53 

(y + -) 2 = — 

2 4 

7 V53 7 V53 

x + —=-or jc + —= —-- 

2 2 2 2 

7 V53 7 V53 

y =-1- or x =-- 

2 2 2 2 

1. First we factor out a 5 from the left-hand side of the equation. 

5x" +30y + 25 = 0 
5(x~ + 6y + 5) = 0 

Dividing both sides by 5 gives x 2 + 6y +5 = 0 1 Now we rew rite the left-hand side using the method of 
completing the square. 

x 2 +6x + 5 = 0 

y 2 +6y + 9-9 + 5 = 0 

(x 2 + 6y + 9)- 4 = 0 

(y + 3) — 4 = 0 
( y + 3) 2 = 4 

y + 3 = 2 or y + 3 — -2 
y = — 1 or x = -5 

8* First w r e factor out a - 1 from the left-hand side to get v 2 - 8v -13 = 0 . Now r we use completing the square 
on this new equation. 

y 2 -By-13=0 
x 2 -8r+ 16-16-13 = 0 
(Y 2 -By+ 16)-29 = 0 
(y-4) 2 -29 = 0 
(y-4) 2 =29 

y - 4 = 9 or y - 4 = - V29 

y = 4 + V29 or y = 4 - V29 
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Solutions 


9, x — 4.\' + 9 — 0 

x 2 +4x+4-4+9=0 
(x + 2) 2 -4 + 9 = 0 

(x + 2) 2 +5 = 0 
(x + 2) : = -5 

This equation has no solutions (the right-hand side is negative, but the left-hand side can never be 
negative). Therefore, the original equation has no solutions. 

10. We first factor out a 2 and obtain the equation x~ + lOx + 29 = 0 . Now we complete the square, 
x" +10x+29 = 0 

x 2 +10x+25 -25 + 29 = 0 
(x 2 +10x + 25) + 4 = 0 
(x + 5) 2 +4 = 0 
(x + 5) 2 = -4 

This equation has no solutions (the right-hand side is negative, but the left-hand side can never be 
negative). Therefore, the original equation has no solutions. 
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Lesson 23 


1. Notice that tlie graph of tills quadratic equation will be a parabola that opens upward since the coefficient 
of the x 2 term is positive. Also, the y-intercept of this graph is (0 S 7) since O’ 2 + 8(0) + 7 = 7. Next we see 

that we can factor x 2 + 8x + 7 as (x + 7)(x + l) t So the two v-intercepts occur at (-7,0) and (-1, 0), Last, we 
complete the square of lire original quadratic to find the vertex of the parabola, 

x 2 + 8x + 7 

x 2 +8x + 16-16 + 7 

(x + 4) 2 -9 

So the vertex of this parabola occurs at (-4, -9). Combining all this information, we can sketch the graph 
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Solutions 


2. Notice that the graph of this quadratic equation will be a parabola that opens upward, since the coefficient 
of the v 2 term is positive. Also, the y-intercept of this graph is (0, 9) since 0 2 - 4(0) +9 = 9. 

Next it appears that factoring this quadratic will be difficult, so we skip this step for now. 

Last, we complete the square of the original quadratic to find the vertex of the parabola. 

x 2 - 4x - 9 

x 2 -4r + 4-4+9 

(x-2 y +5 

So the vertex of tins parabola occurs at (2,5). Combining all this information, we can sketch the graph of 
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X Notice that the graph of this quadratic equation will be a parabola that opens downward, since the 

coefficient of the r 2 term is negative. Also, the ^intercept of this graph is (0. -9) since-0 2 +6(0)-9 = -9. 

Next we factor the quadratic (if possible) to determine the r-intercepts, 

-x 2 + 6x - 9 
-(x 2 -6x + 9) 

-(x-3)(x-3) 

H>-3) 2 

So there is only one x-intercept and it is at the point (3,0). 

Last, we complete the square of the original quadratic to find the vertex of the parabola. But we already did 
this when we factored the expression. 

-x 2 + 6x - 9 

-(. x 2 -6x + 9) 

-(x-3)(x-3) 

-(Y - 3) 2 

-(.v-3) 2 +0 

So tlie vertex of tins parabola occurs at (3. 0), Combining all tins information, we can sketch the graph of 
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Solutions 


4. TMs quadratic is already written in factored fonn. This is extremely helpful! First we know that the 

parabola will open upward (because the expanded version of this quadratic is x* + 2x +1 and the coefficient 
of the x 2 term there is positive). Next we know the ^-intercept is (0, I f since (0 + 1 )' = 1. We also see very 

quickly that the x-intercept is at (-1, Of since (x 4 If = (v + l)(x +1). Last, the original equation could be 

written as y = (r+1) 2 +0. so die vertex is (-1,0). Since the vertex is the same as the r-intercept, we know 
the parabola “sits on” the r-axis. Combining all this information, we can sketch the graph of the parabola. 
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5* This quadratic is already written in a form that allows us to determine the vertex very quickly. The vertex is 
at (-3, -4). It is also clear from this form of the equation that the parabola will open downward Since the 
vertex is in Quadrant III and the pa mho la opens downward, we know that there are no x- intercepts. Last, 

the ^-intercept occurs at (0. -13) because -(0 + 3) 2 - 4 = -9 - 4 = -13 1 Combining all this information, w'e 



175 




Solutions 


6* We know the parabola will open downward. We also know that the y -intercept occurs at (0, 0), since 
-(0) 2 + 3(0) = 0 1 Also, the r-intercepts occur at (0.0) and (3.0) because we can factor tlie equation 
as follows. 

~x + 3x 

-(x 2 - 3x) 

-x(x - 3) 

Last, we complete the square to find the vertex of the parabola. 

-x 2 + 3x 
-(x 2 -3x) 

u q 

-(x 2 -3x + -)+~ 

4 4 
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1. The parabola opens upward. The ^-intercept occurs at (0„ -4 k since 0 - 4 = -4 + The ^-intercepts occur at 
(2,0) and (-2,0), since y 2 - 4 = (x- 2)(y+2)« 

Last, tills equation can be rewritten as y = (y 0 y - 4 + Therefore, the vertex of tiie parabola occurs 
at (0, -4) (which is also the >-intercept). Combining all this information, we can sketch the graph of 
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Solutions 


8. The parabola opens downward. The ^intercept occurs at (0, -2), since -0 2 - 2 = -2. Notice that the 

equation can be rewritten as y = -(x- 0) 2 - 2 . So the vertex of the parabola occurs at (0 f -2) (which is also 

the ^intercept). Since the vertex is below the r-axis and the parabola opens downward, we know that there 
are no v-intercepts. Combining all this information, we can sketch the graph of the parabola. 
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9, It is relatively easy to see that the x-intercepts of the parabola, in its current form, are (3, 0) and (5,0). Also, 
we see that the parabola opens upward, since (x-3)(x- 5) = x 2 -Sx + 15 . This also tells us that the 

Q 2 — gfQ\ 1 5 — 1 5 

y -intercept is (0,15), since ■ - ‘ . Last, we need the vertex of the parabola. 

x 2 -Sx + 15 
x 2 — 8x +16 —16 +15 
(x - 4) 2 -1 

So tlie vertex of the parabola occurs at (4, -1), Combining all this information, we can sketch the graph of 
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Solutions 


10. It is relatively easy to see that the x-intercepts of the parabola, in its current form, are (1,0) and (-2, 0). 
Also, we see that the parabola opens downward, since -(x - l)(x + 2) = -x 2 - x + 2 , This also tells us that 

the >-intercept is (0, 2), since -0 2 -1(0) + 2 = 2. Last, we need the vertex of the parabola. 

—x~ - x — 2 
-(x 2 + x) + 2 

-(x 2 +x+—) + 2+“ 

4 4 

, 1, 9 

2 4 

So the vertex of the parabola occurs at (-1/2, 9/4), Combining all tliis information, we can sketch the graph 
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Lesson 24 


1* Write down a quadratic equation that gives the volume of the box. 

Let x = the length of the box. Then x - 4 = the width of the box. Let I r - the volume of the box. Since the 
volume of such a box is given by V= length * width x height, we have 

V= x(x - 4)(10) or V= lOxix - 4), 

2* In tins case, x= 12, so we have 

V= 104v - 4) 

V= 10( 12)( 12 — 4) 

V= 10(12)(8) 

V- 960 in 3 

3* First we must change “half a foot” to six inches so that the units match up in the problem. Next, if the width 
is 6 inches, then the length is 10 inches. So x = 10 here. 

Then the volume is given by 

V= 10( 10)( 10 — 4) 

V= 10(10) (6) 

V= 600 in 3 

4. F= 10x(x - 4) 

450 - 10j<x - 4) 

45 = x(x - 4) 

x(x - 4) — 45 = 0 

x 1 4x -45 = 0 

(x - 9)(x + 5) = 0 

So x = 9 or x = -5, Of course, x = -5 does not make sense (since x is the length of the box). So the 
answer must be x = 9, Therefore, the dimensions of the box are length 9 inches, width 5 inches, and height 
10 inches, 

5* Using this formula (and approximating t: by the number 3.14), determine the volume of a cylinder with 
r= 8 cm and h = 6 cm. 

V = 6tet 2 

V= 6(3.14)(8) 

V= 1,205.76 cm’ 

6, V=6 Jtr 2 

7,536 = 67lt 2 
1,256 - nr 2 
400 = r 2 

r = 20 or r - -20 

The value r = -20 does not make sense, as the radius of the cylinder must be positive. So the final answer is 
r - 20 cm; the radius must be 20 cm in length. 
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Lesson 25 


1* Yes, these three numbers are the leg lengths of a right triangle because they satisfy the 
Pythagorean Theorem, 

8 2 + 15 2 = 17 2 

64 + 225 = 289 

289 = 289 

Tnie 

2> No, these three numbers are not the leg lengths of a right triangle because they do not satisfy the 
Pythagorean Theorem, 

7 2 + 12 2 = 15 2 

49 + 144 = 225 

193 = 225 

False 

3, Yes, tliese tliree numbers are the leg lengths of a right triangle because they satisfy the 
Pythagorean Theorem. 

9 2 + 40 2 = 41 2 

81 + 1,600 = 1,681 

1,681 = 1,681 

True 

4, No, these three numbers are not the leg lengths of a right triangle because they do not satisfy the 
Pythagorean Theorem. 

45 2 +55 2 =65 2 

2,025 + 3,025 = 4,225 

5,050 = 4,225 

False 

5, We use the Pythagorean Theorem. 

15 3 +b 2 = 39 2 
225 + b 2 =1521 
b 2 =1521-225 

b 2 =1296 
b = 36 

6* We use the Py thagorean Theorem. 

a 2 +63 2 =65 3 
a 2 +3969 = 4225 
a 2 =4225-3969 
a 2 = 256 
a = 16 
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7. We use the Pythagorean Theorem. 

It) 2 +b 2 =15 2 
100 ¥b 2 =225 
b 2 = 125 
b=-J\25 
b = J25y/5 

b = sJs 

H. We use the Pythagorean Theorem. 

4' + 10 2 = c 2 
i6+m = c 2 
c 1 =116 
c = Vfl6 

c = Jb4a 

C = 2yfl9 

9* Let equal the length of the shorter leg, so that a + 1 is the length of the other leg. Then we must solve 
the equation. 

a 2 +(a + l) 2 = 11 2 

a 2 +a 2 +2tf + l = 121 

la 2 + 2a-120 = 0 

fr + — 60 = 0 

By the quadratic formula, the solutions of this equation are 

-l + Vl-4(l)(-60) J —1 — >/l — 4(1)(—60) ^ -1+V241 J -1-V241 

- -—— and---These can be simplified to-—— and-— 

2 2 2 2 

Unfortunately, 241 is not a perfect square, so these two solutions are not going to be whole numbers. 

Therefore, there is no such right triangle. 
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Solutions 


10* Let a equal the length of the shorter leg, so that a + 3 is the length of the other leg. Then we must solve 
the equation. 

a 2 +(a + 3) 2 = 87 2 

a 2 +a 2 + 6a + 9 = 7569 
2a 2 +6fl-7560 = 0 
a 2 +3a- 3780 = 0 

By the quadratic formula, the solutions of this equation are 



—3 —v/l 5129 


Using a calculator, we see that V15129 = 123, so that our two solutions are —-— and 


2 

-3-123 


, which are the same as 60 and -63. Since these are to be the lengths of a leg of a triangle, we 


know' that -63 cannot be the value of a. So we must have a = 60. Then the length of the other leg is 
60 + 3 = 63, since the length of that other leg is a + 3. Therefore, there is such a right triangle, and its 
lengths are 60,63, and 87. (This can be checked with the Pythagorean Theorem.) 
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Lesson 26 


1. This is a polynomial since all the powers of x are positive integers. The degree is 6 and the leading 
coefficient is 5. 

2> This is a polynomial since all the powers of x are positive integers. The degree is 5 and the leading 
coefficient is Vl3 . 

3* Tills is not a polynomial because one of the powers of x is a negative integer. 

4. Tills is not a polynomial because one of the powers of x is a fraction. (Remember: 4x = x L: .) 

5, This is a polynomial since all the powers of x are positive integers. The degree is 9 and the leading 
coefficient is -18. 

6. This is not a polynomial; it is a ratio of polynomials, but this particular example is not a polynomial. 

State how the ends of the graphs of each polynomial appear in the graph. (Do they both go up? Both go 
down? One up and one down?) 

7, Since the degree of the polynomial is even, and since the leading coefficient is positive, the ends of the 
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Solutions 




8* Since the degree of the polynomial is odd, and since the leading coefficient is positive, the end on the left 
side of the graph goes down while the end on the right side of the graph goes up. To confirm this, here is a 



9* Since the degree of the polynomial is even, and since the leading coefficient is negative, the ends of the 
graph both go down. To confirm this, here is a sketch of the graph. 
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10* Since the degree of the polynomial is odd, and since the leading coefficient is negative, the end on the left 
side of the graph goes up while the end on the light side of the graph goes down. To confirm this, here is a 
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Lesson 27 


1. (5x 6 - 14x 4 + 21 x) + (4x* + x f + 3x 4 + 9) = 9x 6 + x 5 -1 lx 4 + 27x + 9 

2. (2x‘ - 10x : +7x-4) + (5r + 3x 2 -19x-10) = 7r -7x 2 -12x-14 

3. (2x 4 + lx- 14) - (5x 3 - 13x-15) = 2x 4 - 5x 3 + 20x +1 

4* (2x s + x 3 - 8x) - (-2x 5 - 9x 3 + 7x) = 4x 3 + 10x 3 -1 5x 
5, 7x(4x* - x 5 + 3x 4 - 5) = 28x 7 - 7x 6 + 2 lx 5 - 3 5x 

6* (5x _ - 4x)(x +1) = 5x 3 + 5x~ - 4x~ - 4x = 5x 3 + x 2 - 4x 

7, (3r 4 - 7x 2 )(2r 3 + 5x) = 6x 7 + 15x 5 - 14x 5 -3 5x* = 6x 7 + x 5 - 35.x 3 

8* (x 4 -x 2 +3)(4x 3 +2^+5) 

= 4x + 2x b + 5x - 4x" — 2x 1 — 5x 2 +12x 3 +6x 2 +15 
= 4x + 2x 6 - 4x* + 3x 4 + 12x 3 + x 2 +15 

_2x+5 

9, x- 3)2x 2 -x-15 

lx 2 -6x 

5x-15 
5x-15 

0 ' 

So {lx 2 -x-15)-r(x-3) = 2x + 5 with remainder = 0. 

5x-7 

10. x + 2^5x 2 +3x-l 

5 xr +10x 

-7x-1 

-7X-14 

13 

So (5x _ +3x-l) + (x + 2) = 5x - 7 with remainder =13. 
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Lesson 28 


x(x + l)(x-3)(x-4) x(x-3)(x-4) 

(x + l)(x + 2){x + 3) (x + 2)(x+3) 

5x + 20 _ 5(x + 4) _ 5 
3x + 12 ~3(x+4) ~3 


6x-18 _ 6(x-3) _ 6 

x 1 -9 (x+3)(x-3) x + 3 


x 2 + 8x-20 _ (x + 10)(x-2) _ x + 10 
x" -9x + 14 (x-7)(x-2) x-1 


5 * 


6 , 

7, 


8 . 


x ? +6x x(x 2 +6) x 2 +6 


3x 

n 

* 

II 

2 

X' 

X 

x 2 +4x 

x(x + 4) x + 4 

6x 2 

- • + 

t-3 

II 

VQ 

H 

ij 


4x +1 4x +1 4x +1 

3x-7 2x+4 3x-7-2x-4 x-11 

5x-2 5x- 2 5x-2 5x- 2 


,, 3x 5x 3x(x - 2) 5x(x + l) 

9,-h-=---— +---— 

x +1 x-2 (x + l)(x-2) (x + l)(x-2) 

3x 2 -6x 5x 2 +5x 

(x + l)(x - 2) {x + l)(x - 2) 

8x 2 - x 
(x + l)(x-2) 


x{8x-l) 
(x + l)(x-2) 


3 5 

-+- 

x-1 2x-l 


3(2x-l) 5(x-l) 

(x-l)(2x-l) (x-l)(2x-l) 

6x - 3 5x - 5 

(x -1)( 2x -1) (x - l)(2x -1) 

llx-8 

(x-l)(2x-l) 


10 * 








































Solutions 


Lesson 29 


1 . 


2 . 


3. 


5, 


6 , 


7. 


8 . 


9. 


12x ; 5 


25 2 lx* 35x 4 

4x +1 3x + 6 


4x + l 


3(x + 2) 


3 


20x + 40 16x -1 20(x + 2) (4x + l)(4x -1) 20(4x -1) 
x'-4 x -x -6 (x-2)(x + 2) (x-3)(x + 2) x-2 


x~ + 4x + 4 x* —9 (x+2)(x + 2) (x—3)(x + 3) x+3 


^ 5x + 2 2 _5x+2 9x 2 -4_ 5 x+2 (3x+2)(3x-2) _ (5x + 2)(3x-2) 


6 x + 4 


x 2 - 9x + 18 


6 x + 4 


1 


2(3x + 2) 


I 


2 


2 


(x -3)(x-6) 


lOx - 30 x 2 - 36 !0(x - 3) (x - 6 ){ x + 6 ) 5(x + 6 ) 


x~ +x -20 


I 


x 2 +x-20 x 2 -25 (x + 5)(x-4) (x-5)(x+5) (x + 5) 2 (x-4) 


2x-t0 x -25 


2 x -10 


1 


2(x - 5) 


x + 5x - 24 x 2 + 16x + 64 x : + 5x - 24 x-4 


1 


(x+8)(x-3) 


x-4 


x-4 


x-3 

x 2 + 9x + 20 


x-4 


x-3 


x 2 + 16x + 64 


x-3 (x + 8 )(x+ 8 ) x +8 


+ (x + 5) = 


x 2 +9x + 20 1 (x + 4)(x + 5) 1 x + 4 


x -1 


x + 5 


x — 1 


x+5 x-1 


x — 1 
3x -x-2 

9 r 2 _ 4 3x _ -x-2 3x - 2 (3x + 2 )(x -1) 3x - 2 x - i 


2x + 5 
3x - 2 


9x"-4 2x + 5 (3x + 2)(3x-2) 2x + 5 2x + 5 
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10 . 


x + 2 x-2 

--- 1 - 

X -1 X +1 


x+3 x-3 

- 1 - 

x -1 X+1 

(x + 2 )(x + 1) (x - 2)(x -1 ) 
(x - l)(x + 1 ) (x - l)(x +1) 
(x+3)(x+l) (x-3)(x-l) 

(x — l)(x +1) (x — l)(x +1) 

x" + 3x + 2 x" - 3x + 2 
(x - l)(x + 1) (x - l)(x +1) 
x + 4x + 3 x 2 -4x + 3 

(x-l)(x + l) ' (x-lHx + 1) 

2x 2 +4 
_ (x-l)(x + l) 

2x 2 +6 
(x-l)(x + l) 

2x : + 4 (x-l)(x+i) 

(x-l)(x + l) 2x : +6 

2(x : + 2) (x - l)(x +1) 
“(x-l)(x+l)* 2(x 2 +3) 

_ x : + 2 
" x 2 - 3 
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Lesson 30 


1, In order to find the ^-intercepts, we first perform any cancellations that are possible between the numerator 
and denominator and then determine those values of x that make the resulting numerator equal to 0, In this 
case, there are no cancellations to perform, so we simply need to determine those values of x for which 

(x +1)( x -1)( x+2) (x + 5 )' = 0 

These will be tire values that make x + 1 = 0 or x - 1 = 0 or x + 2 = 0 or x + 5 = 0. These are x = — 1 , x = 1, 
x = -2, and x = -5. So these are the x-intercepts. 

2> In order to find the x-intercepts. we first perfonn any cancellations that are possible between the numerator 
and denominator and then determine those values of x that make the resulting numerator equal to 0. In 
order to do this, we must factor the numerator and denominator. 

x 2 -12x+35 _ (x-5)(x- 7) 
x 2 - 4 " (x-2)(x + 2) 

In this case, there are no cancellations to perform, so we simply need to determine those values of x for 
which (x — 5)(x — 7) = 0. These are the values x = 5 and x = 7. So these are the x-intereepts. 

3, In order to find the x-intercepts. we first perfonn any cancellations that are possible between the numerator 
and denominator and then determine those values of x that make the resulting numerator equal to 0. In 
order to do this, we must factor the numerator and denominator. 

5 5 

x 2 -9 ~~ (x-3)(x+3) 

In this case, there are no cancellations to perform, so we simply need to determine those values of x for 
which 5=0. These are no values of x that make this equation true. So there are no x-intereepts. 

4, In order to find the x-intercepts. we first perform any cancellations that are possible between the numerator 
and denominator and then determine those values of x that make the resulting numerator equal to 0. In this 
case, the original expression simplifies to 

x + 7 

v =- 

+ x + 5 

So there is just one x-intercept and it is at x = -7. 

5, In order to find the vertical asymptotes, we first perform any cancellations that are possible betw een the 
numerator and denominator and then determine those values of x that make the resulting denominator equal 
to 0. In tins case, there are no cancellations to perfonn. so we simply need to determine those values of x 
for which x(x + 4)(x - 3) = 0 . These will be the values that make x = 0 or x + 4 = 0 or x - 3 = 0. These aie 

x = 0, x = -4, and x = 3. So these are the equations of the vertical asymptotes. 

6* In order to find the vertical asymptotes, we first perform any cancellations that are possible betw een the 
numerator and denominator and then determine those values of x that make the resulting denominator equal 
to 0. In order to do this, we must factor the numerator and denominator. 

x 2 -12x+35 _ (x-5)(x-7) 
x" — 4 (x-2)(x + 2) 

In this ease, there are no cancellations to perform, so we simply need to determine those values of x for 
which (x-2)(x + 2) = 0 . These will be the values that makex = 2 orx= —2. So these are the equations of 

the vertical asymptotes. 
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7, In order to find the vertical asymptotes, we first perform any cancellations that are possible between the 
numerator and denominator and then determine those values of x that make the resulting denominator equal 
to 0. In this case, the original expression simplifies to 

x + 7 

v =- 

+ x + 5 

So there is just one vertical asymptote, and it is the line x = -5, 

8, Since the degree of the polynomial in the numerator equals the degree of the polynomial in the 

denominator, the equation of the horizontal asymptote is y = 

9, Since the degree of the polynomial in the numerator is less than the degree of the polynomial in the 
denominator, the equation of the horizontal asymptote is y = 0. 

10 , Since the degree of the polynomial in the numerator is greater than die degree of the polynomial in the 
denominator, diere is no horizontal asymptote. 
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Solutions 


Lesson 31 


1. Y-mtereept(s); There are no x-intercepts because the equation 4 = 0 lias no solutions. 

4 4 

v-intercept: The v-intercept is (0, -2) because ——— = — = -2. 

horizontal asymptote: The horizontal asymptote is the line y = 0 because the degree of the dominant term in 
the numerator is 0 and the degree of the dominant term in the denominator is L and 0 < 1. 

vertical asymptote: Hie vertical asymptote occurs at the line x = 2 . 

After collecting all tins information and plotting several other points on the graph, we find that the graph is 
as follows. 
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2. x-intercept(s): There are no x-intercepts because the equation -3 = 0 has no solutions. 


v-intercept: The v-intercept is (0 ? —1/2) because 


-3 
0 + 6 



= - 1 / 2 . 


horizontal asymptote: The horizontal asymptote is the line v = 0 because the degree of the dominant term in 
the numerator is 0 and the degree of the dominant term in the denominator is f and 0 < 1. 

vertical asymptote: The vertical asymptote occurs at the line x - -6. 

After collecting all this information and plotting several other points on the graph, we find that the graph is 
as follows. 
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Solutions 


3. 


Notice that the original equation can also be written as y = ^ x - ^ . We see that there is no cancellation 

x-4 

tliat can take place here, 

x-intercept(s): There is one x- intercept at (-2, 0) because -2 is a solution of the equation 4(x + 2) = 0, 

_|/m ^ ^ 

y-inteicept: They-inteicept is (0, -2) because —-— — = — = -2 


horizontal asymptote: The horizontal asymptote is the liney = 4 because the degree of tlie dominant term in 
the numerator is 1 and the degree of the dominant term in the denominator is 1 ? and the ratio of the leading 
coefficients front numerator and denominator is 4/1 = 4. 

vertical asymptote: Hie vertical asymptote occurs at the line x = 4, 

After collecting all this information and plotting several other points on the graph, we find that the graph is 
as follows. 
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3 | 2 \ 

4. Notice that the original equation can also be written as y = — : -. We see that there is no cancellation 

3x-2 

that can take place here, 

x-interceptss): There is one v-intercept at (“2/3,0) because -2/3 is a solution of the equation 6x + 4= 0, 


y-inteicept: They-intencept is (0, -2) because 


6(0)+ 4 _ 4 
3(0)-2 " -2 


= -2 . 


horizontal asymptote: The horizontal asymptote is the liney = 2 because the degree of the dominant term in 
the numerator is 1 and the degree of the dominant term in the denominator is 1, and the ratio of the leading 
coefficients from numerator and denominator is 6/3 = 2. 

vertical asymptote: Hie vertical asymptote occurs at the line x = 2/3, 

After collecting all this information and plotting several other points on the graph, we find that the graph is 
as follows. 
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Solutions 




5* x-intercept(s): There is one x-intercept at (0,0) because 0 is a solution of the equations = 0. 


y- intercept: The v-interoept is (0, 0) because 


0 

(0-1X0-5) 


0 


<-l)C-5) 



horizontal asymptote: The horizontal asymptote is the line y= 0 because the degree of the dominant term in 
the numerator is 1 and the degree of the dominant tenn in the denominator is 2, and 1 < 2. 

vertical asymptote: The vertical asymptotes occur at the lines x = 1 and x= 5. 

After collecting all this information and plotting several other points on the graph, we find that the graph is 
as follows. 
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6, x-imercepl(s ): There is one x -intercept at (0,0) because 0 is a solution of the equation x 2 = 0. 

y-intercept; The y-intercept is (0 ? 0) because---= -— -= - = 0. 

(0-1X0 -5) (—1)(—5) 5 

horizontal asymptote: The horizontal asymptote is the line y = 1 because the degree of the dominant term in 
the numerator is 2 and the degree of the dominant tenn in the denominator is 2, and the ratio of the leading 
coefficients from numerator and denominator is 1/1 = 1. 

vertical asymptote: The vertical asymptotes occur at the lines x = 1 and x= 5. 

After collecting all tills information and plotting several other points on the graph, we find that the graph is 
as follows. 
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Solutions 




7. x-intercept(s): There is one x-intercept at (0,0) because 0 is a solution of the equation x 2 = 0. 

0 2 0 

^-intercept: The ^intercept is (0, 0) because -—- = — = 0 . 

horizontal asymptote: There is no horizontal asymptote because the degree of the dominant term in the 
numerator is 2 and the degree of the dominant tenn in the denominator is T and 2 > L 

vertical asymptote: The vertical asymptote occurs at the line x = 3. 

After collecting all this information and plotting several other points on the graph, we find that the graph is 
as follows. 
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8* jc-intercept(s): There are no x-inteicepts because the equation 4x 2 + 1 = 0 has no solutions. 


v-intercept; The ^-intercept is (0, - 1 ) because 


4(0)‘ +1 1 


0-1 


— = -l. 

-1 


horizontal asymptote: There is no horizontal asymptote because the degree of the dominant term in the 
numerator is 2 and the degree of the dominant term in the denominator is 1 5 and 2 > 1. 

vertical asymptote: The vertical asy mptote occurs at the line x = 1. 

After collecting all this information and plotting several other points on the graph, we find that the graph is 
as follows. 
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Solutions 


9* Notice that this is the same as v =-=-with the reminder that the numberx = 5 is NOT in 

(x-5)(x + 5) x+5 

the domain of the original function So the giaph of the original function is the same as the graph of 

y = —but with an open circle at the point where x = 5, 
x + 5 

So we now 7 wish to consider the graph of y = —-—. 

x + 5 

x-intercepts); There are no x-intercepts because the equation 1 = 0 has no solutions. 

>-intercept: I lie y-intercept is (0, 1/5) because ~~~r = t ■ 

horizontal asymptote: The horizontal asy mptote is the line y = 0 because tlie degree of the dominant term in 
the numerator is 0 and the degree of the dominant term in the denominator is 1, and 0 < 1« 

vertical asymptote: Hie vertical asymptote occurs at the line x = -5. 

After collecting all this information and plotting several other points on the graph, we find that the graph is 
as follows. 
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10* Notice that this is the same as y = 


(*-4)0 + 4) 

y + 4 


= x-4 with the reminder that the number x = -4 is not in 


the domain of the original function (because it causes division by 0 in the original function). So the graph 
of the original function is the same as the graph of y = x-4 but with an open circle at the point where 

x = -4. So we now wish to consider the graph of y = x- 4. But this is simply a straight line with slope 1 

and ^intercept (0, -4). This is easily graphed. 
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Lesson 32 


1. VI50 = V25V6 = 5yR> 

2 . 4llf =JtU? = y/36^2^J?-/i = 6t A Jl4i = 6t A Jlt 


3. V50r 9 >/200r = (5x* yf2x)(\0x^2x) = (50r' )(2*) = 100r 6 



jJm_ _ _W5_ _ %J5^_ _ 2^/35* 

V28r* 2x-Jlx x(lx) lx 1 

6. 6-s/lO +7-^40 = 6-v/lO + 7 • 2-s/To = 6 -v/Io + 14-v/lO = 2<WTo 

7. 2V5 — 3>/40 + 7V45 = 2V5 - 3 ■ 2>/Io + 7 • 3^5 = 2-^5 — 6 VT 0 + 2lV5 = 23-75 — 6VlO 

8. 2V7(W7-5) = (2V7)(4V7)-(2V7)5 = 8 7 — 1O-v/7 =56-10^7 

9. (V2-a/5)(V3+V5) = V2\/3+V2V5-V5^'-5 = a^ + >/Io-VI5-5 
Tills cannot be simplified any further. 

10. (Vl3->/7)(Vn + V7) = 13 - V91 +V9T- 7 = 13-7 = 6 
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Lesson 33 


Vx = 5 
x= 25 
Check. 

^25-1 = 4 
5-1=4 
4=4 
True 

2. >/p3=8 

v - 3 = 64 
y = 67 
Check. 

767-3 =8 

764 =8 
8 = 8 

True 

3. 7x + 7 = -2 

(TT+7) 2 = C-2) 2 
x+7-4 
x = -3 
Check. 

7-3 + 7 =-2 

74=-2 
2 =-2 
False 

So x= -3 is NOT a solution. There are no solutions of the original equation. 

4* V?x-4 = V5x + 8 

7x - 4 = 5x + 8 
2x - 4 = 8 
2x= 12 
x = 6 
Check. 

> /7(6)-4=V f 5(6) + 8 
742^4 = 730 +8 

738 =738 

True 













Solutions 


5. 79x+10 = 7l-3x 

9x + 10 — 1 — 3x 
12 *+ 10= 1 
12* = ~9 

* = -9/12 = -3/4 
Check. 

V9(-3/4)+10 =Vl-3(—3/4) 

V-27/4 + 10 =Vl + 9/4 

7l3/4 = Vl3/4 
True 

6* -v/6* + 7 =* 

6*+7 = * 2 

* 2 - 6* - 7 = 0 
(x — 7)(x + 1) = 0 

* = 7 or * = -i 
Check. 

76(7)+ 7 =7 
742 + 7 = 7 

749 =7 
7 = 7 
True 

76(-l) + 7 =-l 
7-6+7 = -1 

7T = -i 

i = -i 
False 

So x = 7 is tlie only solution of the original equation. 

7. 757 + 2 = 14 
757 = 12 

6* - 144 
x- 24 
Check. 

76(24)+ 2 = 14 

7l44+2 =14 

12 + 2= 14 
14= 14 
True 
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8 . 737 + 14 = 5 


■JJx = -9 
3x = 81 
x-21 
Check, 

73(27) +14 = 5 
781 + 14 = 5 

9+14 = 5 
23 = 5 
False 

So there are no solutions of the original equation, 

9, V2r -9x+20 = x 
2x^ - 9y + 20 = x~ 
x 2 - 9x + 20 = 0 
(y - 5)(y - 4) = 0 
x — 5 orx = 4 
Check, 

>/2(5) 2 -9(5)+ 20 = 5 

750 - 45 + 20 =5 

725=5 
5 = 5 
True 

V2(4) 2 - 9(4) + 20 = 4 
732 - 36 + 20 =4 

717 = 4 

4 = 4 
True 

So both x = 5 and y = 4 are solutions of the original equation, 

10* \ilx~ +5y-24 = x 
2x“ + 5x - 24 = x" 
y + 5x-24 = 0 
(x + 8)(x - 3) = 0 
x = -8 orx^ 3 









Check. 


V2(-8) 2 +5(-8)-24 =-8 

V128-40-24 =-8 

V64 = -8 
8 =-8 
False 

V2(3) : +5(3)-24 = 3 

V18 + 15-24 =3 

^9= 3 
3 = 3 

True 

So x = 3 is tlie only solution of the original equation. 
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Lesson 34 


1, The graph of this function is the same as the graph of Vr shifted to the right by two units. 



2> The graph of this function is the same as the graph of Vr shifted to the left by three units. 
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Solutions 




3* The graph of this function is the same as the graph of Vx shifted to the left by seven units. 



4* f ile graph of tins function is the same as the graph of Vx shifted up by five units. 
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5* The graph of this function is the same as the graph of Vx shifted up by seven units. 



6* The graph of tins function is the same as the graph of Vx shifted down by six units. 
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Solutions 


7* I’tie graph of this function is the same as the graph of Vx shifted to the right by three units and then up by 

four units. 



y B* The graph of this function is the same as the graph of Vx shifted to the right by five units and then down i 

by one unit. 
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9 * 


The graph of this function is the same as the graph of Vx shifted to the left by four units and then down by 
six units. 



10* The graph of this function is the same as the graph of Vx but with each of the y- values of the 
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Solutions 


Lesson 35 


1. The next term is 25, since the rule for creating each term is to add 3 to the previous term, 

2> The next term is 729, since the rule for creating each term is to multiply the previous term by 3, 

3* We can rewrite the terms in this sequence to see the pattern more clearly. 

2 3 4 5 6 7 8 

■*1 +• *■ *1 +. ■*! h ,+«§ 

2 ' r 2 2 2 ‘ 2 ' 2 

Now we see that each term can be written as a fraction with denominator 2. Also, the numerators are 

9 

simply growing by L so the next tenn is - ♦ 

2 

4. The next term is 1.5625, since the rule for creating each term is to divide the previous term by 2. 

5* This is a geometric sequence where each term is built by multiplying the previous term by 4. A formula for 
the /7 th term is 4^\ 

6* This is a geometric sequence where each term is built by multiplying the previous term by -3. A formula 
for the /I th term is 2*(-3)''“ 1 . 

7. This is a geometric sequence where each term is built by multiplying the previous tenn by 1/5, A formula 

for the n* tenn is 100 • . 

5 

8* This is an arithmetic sequence w here each term is built by adding 8 to the previous term. A formula for the 
77 th tenn is 4 + 8 (rr 1). 

9* This is an arithmetic sequence w here each term is built by adding -2 to the previous term. A formula for 
the ri^ term is 11 + (-2)0? - 1). 

10. This is an arithmetic sequence w here each term is built by adding 9 to the previous term. A formula for the 
/7 th term is 23 + 9(n — 1), 
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Lesson 36 


1. We recognize these numbers to be the squares, so the n' u term is given by / (n) = rr . 

Notice that the second differences of the sequence are constant. 

1 4 9 16 25 36 49 64 SI 

V V V V V V V V 
357 9 11 13 15 17 

V V V V V V V 
2 2 2 2 2 2 2 

So we know r that the formula needed to be a polynomial of degree 2, and that is exactly what we see with 
the formula f(n) = n 2 . 

2. We recognize these numbers to be the cubes, so the //"' term is given by /(/?) = n" . 

Notice that the third differences of the sequence are constant. 

1 8 27 64 125 216 

V V V V V 

7 19 37 61 91 

V V V V 

12 18 24 30 

V V V 

6 6 6 

So we know that the formula needed to be a polynomial of degree 3, and that is exactly what we see with 
the fonnula fin ) = rr*, 

3. We look at the first differences of the sequence. 

1 3 6 10 15 21 28 36 45 

v v v v v \i v v 

2345 6 7 8 9 

Next lefs look at the second differences. 

1 3 6 10 15 21 28 36 45 

V V V V V V V V 

2345 67 89 

V V V V V V V 

1111111 

So the second differences are constant. That means the fonnula for the n h tenn of the sequence is a degree 

2 polynomial. So let /(/?) = mr +bn+c where a , /?, and c are constants. 

Next we know that /i l ) = L/(2) = 3. and /(3) = 6 + Therefore, we have 
1 = /(1)= a(l) 2 +6(l)+c = a + b +c 

3 = f(2) = a( 2) 2 +b{2) + c = 4a + 2h + c 
6 = / (3) = a( 3) 2 + b( 3) -He = 9a + 3b + c 

So we have the following system of equations. 
a + b + c = 1 
4a + 2b + c = 3 
9a + 3b + c = 6 

If we subtract the first equation from the second equation, we have 3a + b = 2. If we subtract the second 
equation from the third equation, we have 5a -h 5 = 3. So we have a new system of two equations. 

3a + b=2 

5a + b = 3 
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Solutions 


Now subtract the first of these equations from the second to get 2a = 1 or a = 1/2. If w ? e plug a = 1/2 back 
into the equation 3a + 6 = 2, then we have 

3(1/2) + 6 = 2 

6 = 2- 3/2 

b =4/2 -3/2 

6 = 1/2 

Now r we plug in # = 1/2 and 6 = 1/2 into the original equation a + 6 + c = 1 to get 
1/2 + 1/2 + c = 1 

1 + t: = 1 

c = 0 

7 1,1 

Therefore, we now know' our formula: f(n) - air + bn + c = —rf -\— n. 

2 2 

Yon can check that this formula holds for each of the numbers that w ere given in die original problem. 

4, We look at die first differences of the sequence, 

3 9 19 33 51 73 99 129 163 

V V V V V V V V 

6 10 14 18 22 26 30 34 

Next let’s look at the second differences. 

3 9 19 33 51 73 99 129 163 

V V V V V V V V 

6 10 14 18 22 26 30 34 

V V V V V V V 

4 4 4 4 4 4 4 

So die second differences are constant. That means die formula for die n u term of the sequence is a degree 

2 polynomial. So let f(n) = an 2 +bn+c where a , 6. and c are constants. 

Next w e know' that/(l) - 3,/(2) - 9, and/(3) =19. Therefore, we have 

3 = /(1)= a(l) 2 +6(1}+*? = a+b + c 

9 = /(2) = a(2f +6(2)+c = 4 a + 2 6 + c 
19 = /(3) = aOY +6(3) +: = 9 a + 36 + c 
So we have die following system of equations, 

<3+6+c = 3 

4 a + 26 + c = 9 
9^7 + 36 +c = 19 

If we subtract die first equation from die second equation, we have 3a + 6 = 6, If we subtract the second 
equation from the third equation, we have 5a + 6 = 10, So we have a new system of tw o equations, 

3ct + 6 = 6 

5a + 6 = 10 

Now' subtract the first of these equations from the second to get 2a = 4 or a = 2. If we plug a = 2 back into 
the equation 3a + 6 = 6, then we have 

3(2) + 6 = 6 

6=6 — 6 

6=0 


216 



Now we plug in a = 2 and 6 - 0 into the original equation a + b + c = 3 to get 
2 + 0 + c = 3 
c= 1 

Therefore, we now know our formula: fin ) = an + 6/i + c = 2n : +0/2 +1 = 2n~ +1 * 

You can check that this formula holds for each of the numbers that were given in the original problem. 

5, We look at the first differences of the sequence, 

2 2 4 8 14 22 32 44 58 

V V V V V V V V 

0 2 4 6 8 10 12 14 

Next let s look at the second differences. 

2 2 4 8 14 22 32 44 58 

V V V V V V V V 

0 2 4 6 8 10 12 14 

V V V V V V V 

2 2 2 2 2 2 2 

So the second differences are constant. That means the formula for the ri h term of the sequence is a degree 
2 polynomial. So let f in ) = an 2 +bn+c where a, b. and c are constants. 

Next we know that/(l) = 2, .J(2) = 2, and/(3) = 4, Therefore, we have 

2 = f (1)= a(l)" +b(\)+c = a+b+c 

2 = /(2) = a{2f +6(2) + c = 4a + 26 + c 
4 = /(3) = a(3) 2 +6(3) +c = 9 a +36 + c 

So we have the following system of equations. 
a+6+c = 2 
4a + 2 6 +c — 2 
9a+36 + c = 4 

If we subtract the first equation from the second equation, we have 3 a + b = 0, If we subtract the second 
equation from the third equation we have 5a + 6 = 2, So we have a new system of two equations. 

3 a + b — 0 
5a + b - 2 

Now 7 subtract the first of these equations from the second to get 2a = 2 or a = 1. If we plug a — 1 back into 
the equation 3a + 6 = 0, then we have 

3(1)+ 6 = 0 

6=0-3 

6 =-3 

Now 7 we plug in a = 1 and 6 = -3 into the original equation a + 6 + c = 2 to get 
1 + ( — 3 ) + c — 2 
c= 2 - 1+ 3 
c = 4 

Therefore, we now know our formula: f(n) = an 2 +bn +c = hi 2 - 3r? + 4 = n 2 -3n + 4 . 

You can check that this formula holds for each of the numbers that were given in the original problem. 
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6* We look at the fust differences of the sequence. 

0 7 22 45 76 115 162 217 280 

V V V V V V V V 

7 15 23 31 39 47 55 63 

Next let's look at the second differences. 

0 7 22 45 76 115 162 217 280 

V V V V V V V V 

7 15 23 31 39 47 55 63 

V V V V V V V 

8 8 8 8 8 8 8 

So the second differences are constant. That means the formula for the n u term of the sequence is a degree 
2 polynomial. So let f(n) = an* +bn + c where a, 6, and c are constants. 

Next we know that /(1) - 0 ? /(2) - 7, aiid/(3) = 22. Therefore, we have 

0 = /(l) = a( 1) 2 +6(1) + c = a+b+ c 

7 = /(2) = a(2f +6(2) + c = 4a + 26 +c 

22 = /(3) = aQy +6(3) + c = 9a + 36 + c 

So we liave the following system of equations. 
a+h+c =0 
4a+ 26 +c = 1 
9a+36 + c = 22 

If we subtract the first equation from the second equation, we have 3a + 6 = 7, If we subtract the second 
equation from the third equation, we have 5a + 6 = 15. So we have a new system of two equations, 
t 3a + 6 = 7 i 

5a + b = 15 

Notv subtract the first of these equations from the second to get 2a = 8 or a = 4. If we plug a = 4 back into 
the equation 3a +6 = 7, then we have 

3(4) + 6 = 7 

6 = 7-12 

6 = -5 

Now we plug in a = 4 and 6 = -5 into the original equation a + 6 + c = 0 to get 
4 4 (-5) + c = 0 
c- 0 — 4 + 5 

c- 1 

Therefore, we now know ? our formula: f (/?) = cm~ + bn + e = 4/f - 5n +1. 

You can check that tills formula holds for each of the numbers that were given in the original problem. 

7* Note that each term appears to be twice the previous term plus the term before. For example, 

17 = 2(7)+ 3, 

41 =2(17) + 7, and 
99 = 2(41)+ 17 

So the next term in the sequence is 2(99) + 41 = 239. 
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8* Note that each term appears to be the previous term plus twice the term before. For example, 

21 = 11+2(5), 

43 = 21+2(11), and 
85 = 43 + 2(21) 

So the next term in the sequence is 85 + 2(43) = 171. (These are often called the Jacobsthal numbers.) 
9* Note that each term appears to be the sum of the previous three terms. For example, 

17 = 9 + 5 + 3, 

31 = 17 + 9 + 5, and 
57 = 31 + 17 + 9 

So the next term in the sequence is 57 + 31 + 17 = 105. (These are often called the tribonacci numbers.) 
10* Note that each term appears to be n times the previous term. For example, 

24 = 6 x 4, 

120 = 24 x 5, and 
720 = 120 x 6 

So the next term in the sequence is 720 x 7 = 5,040. (These are known as the factorial numbers.) 
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Glossary 


Abscissa: a number that shows where a point on a graph is located in relation to the x-axis. 

Absolute value: the number that tells you how far away a number is from zero. 

Algebraic expression: a combination of mathematical symbols that might include numbers, variables, and 
operation symbols. 

Arithmetic sequence: a sequence that is built term by term by adding the same number each time. 

Binomial: an expression with two terms, such as x + 3 or n - 7. 

Cartesian plane or xv-plane: the plane or two-dimensional space formed by two number lines, one horizontal 
and one vertical, so that they intersect at right angles. 

Common difference: in an arithmetic sequence, the amount by which you add each time you build a new term 
in the sequence. 

Constant term : the third term of a trinomial that has no variable in it. 

Decimal: a number with a decimal point (.). 

Degree of a polynomial: the largest power in the polynomial. 

Denominator: the bottom number in a fraction. 

Difference: the answer to a subtraction problem. 

t Difference of two squares: an equation that has one squared term subtracted from another term that is a square. 

There is no middle term in a difference of two squares. 

Domain of a function: the set of input values that we can plug into the function. 

Dominant term: the term in a polynomial that has the highest degree. 

Equation: a mathematical sentence that uses or includes an equals sign 
Evaluate: plug in numbers to determine the value of an expression. 

Exponent: a small number written to the upper right of a number, variable, or amount in parentheses that tells 
how many times the number, variable, or amount in parentheses should be multiplied by itself. 

Extraneous solution: a number that appears to be a solution of a radical equation but is not. 

First difference: another term for the common difference in an arithmetic sequence; the amount added to the 
previous term in a sequence to get the next term. 

Fraction: two numbers separated by a division bar (—). The top number, or numerator, tells how many parts 
are represented. The bottom number, or denominator, tells how many parts make a whole. 

Function: a mathematical rule or relationship that assigns exactly one output value to each input value. 

Geometric sequence: a sequence that is built term by term by multiplying the same number each time. 

Horizontal asymptotes: horizontal asymptotes for graphs of functions act like “borders” or “guides” for the 
graphs when the x-values are large, in either a positive or negative direction. 

To find a horizontal asymptote, look at the dominant terms of the equation. If the exponents of the variables are 
the same, then the horizontal asymptote is the ratio of the two leading coefficients. If the exponent in the 
numerator is larger than the exponent of the denominator, then there is no horizontal asymptote. If the exponent 
in the numerator is smaller than the one in the denominator, the horizontal asymptote is y = 0. 
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Hypotenuse: the side of the triangle that is opposite the right angle. It is also the longest side of a right triangle. 
Identity: an equation that is true for every possible value of the vanable(s). 

Leading coefficient: the coefficient (number) in front of the term that contains the largest power of x. 

Legs of a triangle: the other two sides of the triangle that are not the hypotenuse. 

Numerator: the top number in a fraction. 

One-step equation: an equation that takes only one step to solve. 

Ordered pair: two numbers inside parentheses that are separated by a comma. The first number is the 
^-coordinate, or abscissa, and the second number is the coordinate, or ordinate, on a graph. 

Ordinate: a number that shows w here a point on a graph is located in relation to the y-axis. 

Origin: the point at which the axes intersect in the Cartesian plane. 

Parabola: a U-shape; the graphs of quadratic functions of the fomiy = ax 2 + bx + c are shaped like parabolas. 

Parallel lines: two lines in the Cartesian plane that never intersect each other. If the lines are non-vertical, they 
have the same slope and different y-intercepts. 

Percent: a number followed by a percent symbol (%) that tells us what part of a hundred is represented. For 
example, 75% means "75 per 1007 

Perfect square trinomial: a trinomial (three terms) that can be w ritten as the perfect square of a binomial 
(two terms). 

Perpendicular lines: lines that intersect at right angles and have -1 as the product of their slopes. 

Point-slope form: y - yi = m(x - X]). 

Polynomial (in the variable x): an expression of the form a _0 + a_lx + a_2xr + t . t + a mf where each of the 
a 0. a 1 , a 2. .... an are numbers (wliich could be positive, negative, or zero) and the powers on all the x’s are 
positive integers. In other w ords, a polynomial is a number plus or minus a number with a variable plus or 
minus another number with a variable that has a positive exponent plus or minus another number with a variable 
that has a different positive exponent, and so on. 

Product: the answer to a multiplication problem. 

Pythagorean Theorem: in any right triangle, the sum of the squares of the lengths of the legs equals the square 
of the length of the hypotenuse: a 2 + b 2 - c 2 . 

Quadrants: tire Cartesian plane is divided into four quadrants by the intersection of the x- andy-axes. They are 
called Quadrants I, II, III. and IV. Quadrant I is the upper-right section. Quadrant II is the upper-left section. 
Quadrant III is the low er-left section. Quadrant IV is the low er-right section. 

Quadratic equation: an equation that includes a variable raised to the second pow er (squared). Its typical fonn 

isy = cd? + bx + c. 

Quotient: the answer to a division problem. 

Radical equations: equations that contain radical expressions. 

Radical expression: an expression with a radical (square root) symbol in it. 

Range of a function: the set of output values of the function. 

Rational expression: a ""ratio" of two polynomials; one polynomial divided by another polynomial. 

Right triangle: a triangle where one of the angles is a ""right angle' or 90° angle. 

Second difference: the difference of the first differences. 

Sequence: a function w hose domain is the set of natural numbers (or positive integers). 
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Slope: the “rate of change’' of a line that is defined as follows: Slope = (vertical change of the line) / (horizontal 
change of the line). Tills can also be thought of as “rise over the run” of the line, w here the rise refers to the 
amount of “vertical change” and the run is the “amount of horizontal change/' or “the change in v over the 
change in x.” Slope is often represented as a fraction. How r to find slope using two points: (v f : ~ Vi) / (x? - x \) 
w here (xi, yf) and (x?, yi) are the coordinates of two points on the line. 

Slope-intercept form of a line: y - mx + b w here m — slope of the line and b —y -intercept of the line (the place 
w here the line crosses they-axis). 

Solution of an equation: tlie value of the variable that makes the equation true. 

Solution of the system: an ordered pair that makes all the equations in a system of equations true. 

Sum: the answer to an addition problem. 

System of linear equations: a set of two or more linear equations. 

Term: each number in a sequence. 

Trinomial: an expression w ith three terms, such as x 2 - 5x + 2. 

Two-step equation: an equation that takes two steps to solve. 

Variable: some sort of symbol usually a letter from the alphabet, that represents one or more numbers in an 
algebraic expression. 

Vertex of a parabola: the unique low est point or unique highest point for a given parabola. 

Vertical asymptotes: if x = c is a vertical asymptote of the graph of a function, then as the values of x get really 
close to a the values of the function grow “huge” (either going to +infinity or -infinity ). In other words, the 
vertical asymptote is the line near which the graph makes a sharp turn. It is not actually on the graph. 

To find a vertical asymptote, look for those values of x where the denominator equals 0 after cancelling out 
anything that can be cancelled in the original expression. 

x-axis: the horizontal number line or horizontal axis. 

x-coordinate or abscissa: a number that shows where a point on a graph is located in relation to the x-axis + 
y-axis: the vertical number line or vertical axis. 

coordinate or ordinate: a number that shows where a point on a graph is located in relation to the v-axis. 

Zeros of the equation: values of x that are solutions of a quadratic equation; they are the x-intercepts of the 
graph ax 2 + hx + c. They can be any number, not just zero. However, when they are plugged into the quadratic 
equation, ax 2 + bx + c, the equation is true. 
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